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Abstract:
In this paper we established some new fixed point theorems in dislocated quasi b-metric
spaces. The results herein are extension of some well known fixed point theorems in different
metric spaces.

1. Introduction and Preliminaries

In 2015, Chakkrid and Cholatis[4] coined the concept of dislocated quasi b-metric spaces
and proved some fixed point theorems for cyclic contractions in such spaces. Mujeeb Ur
Rahman and Muhammad Sarwar[10] studied dislocated quasi b-metric spaces and
established fixed point theorems for Kannan contraction and Chetterjea type contraction.
Cholatis et al.[5] proved fixed point theorems for cyclic weakly contractions in dislocated
quasi b-metric space. Berinde and Borcut[15, 8, 9] have initiated study of tripled fixed point
and tripled coincidence points for different nonlinear mappings in complete partially ordered
metric spaces and established tripled fixed points theorems. In this paper we have
established some tripled fixed point theorems for different contraction mappings in complete
dislocated quasi b-metric spaces which extend some well known fixed point theorems
existing in the literature.

Definition 1.1 [4] Let X be a non-empty set. Let the mapping d: X X X — [0, o) and constant
k = 1 satisfy following conditions:

1.dx,y)=0=d(y,x)=>x=y,Vx,y€X

2.d(x,y) <kl[d(x,z) +d(z,y)],Vx,y,Z € X.
Then the pair (X,d) is called dislocated quasi-b —metric space or in short dgb —metric
space.
The constant k is called coefficient of (X,d). It is clear that b — metric spaces, quasi-
b —metric spaces and b —metric-like spaces are dqgb —metric spaces but converse is not true.
Example 1.2 [10] Let X = R* and forp > 1,d: X X X — [0, ) be defined as,

d(x,y) =|x—y|? + |x|?,Vx,y € X.

Then (X, d) is dgb —metric space with k = 2P > 1. But (X,d) is not b —metric space and
also not dislocated quasi metric space.

Example 1.3 [4] Let X = R and suppose,

d(x,y) = |2x —y|* + [2x + y|?
then (X, d) is dgb —metric space with coefficient k = 2 but (X, d) is not a quasi-b —metric
space. Also (X, d) is not dislocated quasi metric space.

Definition 1.4 [4] A sequence {x,} in a dgb —metric space (X, d), dqgb —converges to x € X if
limd(x,,x) =0 = limd(x, x;,)-
n—oo n—-oo
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In this case x is called dgb —limit of {x,,} and {x,, } is said to be dgb —convergent to x, written
as x, = X.

Definition 1.5 A sequence {x,,} in a dqgb —metric space (X, d) is called as dqb —Cauchy
sequence if

lim d(x,,x,) =0= lim d(x,, x,)-
n,m—co n,m—co

Definition 1.6 [4] A dgb —metric space (X, d) is said to be dgb —complete if every
dgb —Cauchy sequence in it is dqgb —convergent in X.

Definition 1.7 [2] A subset M of X is said to be closed if and only if for each sequence {x,} in X
which converges to an element x, we have x € M.

Definition 1.8 [2] A subset S of X is bounded if there exists M € (0, ) such thatd(x,y) <M
forall x,y € S.

Proposition 1.9 [5] Every subsequence of a dqb —convergent sequence in a dqgb —metric
space (X, d) is dqgb —convergent sequence.

Proposition 1.10 [5] Every subsequence of a dqb —Cauchy sequence in a dqb —metric space
(X, d) is dgb —Cauchy sequence.

Proposition 1.11 [5]If (X, d) is a dgb —metric space then a function f: X — X is continuous if
andonlyifx, = x = fx, = fx.

Lemma 1.12 [5] Limit of a dqb —convergent sequence in dqgb —metric space is unique.

Proposition 1.13 If u is limit of some dqb —convergent sequence in a dqgb —metric space
(X,d) then d(u,u) = 0.

Proof. 0 = lim,,_,d(x,, u) = lim,_d(x,, X,) = d(u,u),m > n.
Definition 1.14 [14] An element (x,y) € X X X is called coupled fixed point of the mapping

T:XxXX->XifT(x,y)=xandT(y,x) =Y.

Definition 1.15 An element (x,y) € X X X is called coupled coincidence point of the mapping
T:XxXxX->Xandh:X - XifT(x,y) =hxand T(y,x) = hy.

Definition 1.16 Suppose X is a non-empty set. Then the mappings T: X X X - X and h: X - X
are commutative if hT (x,y) = T (hx, hy) forall x,y € X.

Definition 1.17 [3] An element (x,y,z) € X X X X X is called a tripled fixed point of a
mapping F: X XX - X > Xifx=F(x,y,2),y=F(y,z,x)and z = F(z,x,y).
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2. Main Results

Theorem 2.1 Let (X, d) be a complete dgb — metric space with coefficient k. Let T : X X X X
X — X be continuous mapping such that

d(T(x,y,2), T(u,v,w)) < ad(x,u) + fd(y,v) +yd(z,w), (2.1)
for all x,y,z,u,v,w € X. Where ,5,y €[0,1) such that 0 <a+f+y < % Then there
exists a tripled fixed point of T in X.

Proof. Let (xo,Y0,Zp) be any arbitrarily fixed point in X X X X X. We set T (X, Yo,Zp) = X1,
T (Yo, 2o, Xo) = y1 and T (zy, Xo,Yo) = z1.Thus we can construct three sequences of points in
X namely {x,}, {yn} and {z,}, with X1 = T(Xn, ¥n, Z0) , Yn+1 = T(Vn, Zn, Xn) and zy4q =
T (zn, X, Yn)- Consider,

d(xlle) = d(T(XO, y(),Z()),T(x1,y1,Z1))

< ad(xg,x1) + Bd (Yo, ¥1) + vd (2o, 21) (2.2)
Similarly,

d(y1; yZ) = d(T(yO' Zy, xO)' T(y1; Zy, xl))

< ad(yo, y1) + Bd(2¢,21) + yd(xo, X1) (2.3)
and

d(ZLZZ) = d(T(ZO!xOJ yo),T(Z1,x1, yl))
< ad(zg, z1) + Bd (X9, x1) + yd (Yo, y1)- (2.4)
Now summing up (??),(??) and (??), we get,
d(xy,x2) + d(y1,¥2) +d(21,22) < (@ + B +y)(d(xo, X1) + d(Vo,¥1) + d(20,21))- (2.5)
Now consider,
d(x2'x3) = d(T(xllylﬁzl)'T(xZIyZﬁZZ))

< ad(xy,x2) + A1, ¥2) +vd(21,22) (2.6)
Similarly,

d(}’z, y3) = d(T(yl,Zl,xl),T(yz,Zz,XZ))

< ad(y1,y2) + Bd(21,23) + yd(xq,x3) (2.7)
and

d(ZZ'Z3) = d(T(lexll yl)'T(ZZJxZJ yZ))
< ad(z4,7;) + Bd (x4, %2) + yd (Y1, Y2)- (2.8)
Now summing up (??),(??) and (??), we get,
d(x2,x3) + d(¥2,¥3) + d(22,23) < (@ + B +y)(d(x1,x2) + d(V1,¥2) + d(24,22))- (2.9)
Using (2.5), we can write,
d(x2,x3) + d(y2, y3) + d(22,23) < (@ + B +¥)*(d(xo, X1) + d (Yo, ¥1) + d(2,21))-
In general, for anyn € N, we get,
d(Xn, Xn+1) + AVn Vne1) + d(Zn, Znsa) < (@ + B +¥)"(d (X0, %1) + d (Yo, ¥1) + d(20,21))-

(2.10)
Thus writing, d, = d(xp, Xp41) + AV V1) + A(Zn, Zny1) and a + B+ y = § we get
0<d, <8, (2.112)
With similar arguments we can prove that,
0<d,<ds"d, (2.12)

where d'y = d(xp+1,%n) + dWns1, Yn) + d(Zn11,22) and d'y = (d(x1,%0) + d(¥1, ¥0) +
d(z4,2y))- Now, form,n € N and n < m, using triangular inequality of the definition,

A, Xm) < kd(xy, Xn41) + K2d (a1, Xpa2) Foo o FE A (X1, Xm)
Similarly,

AV Ym) < kdWny Yns1) + K2dWnsr, Yna2) oo A Vi1, Yim)
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and

d(zn' Zm) = kd(zn' Zn+1) + kzd(Zn+1,Zn+2)+.. . +km_nd(Zm_1,Zm)
Adding these inequalities and using equation (2.25)

d(Xn, Xm) + AV, Ym) + d(Zn, Zm) < k[d(Xn, Xn11) + AV Ynea) +
d(Zn: Zn+1)] + kz[d(xn+1:xn+2)

+d(yn+1: yn+2) + d(zn+1rzn+2)] + -t km_n[d(xm—lrxm)

+d(Ym-1, Ym) + d(Zm-1,Zm)]

< [kS™ + k26™ 4. +E™TE™ ) d,

= [(k&)S™ L + (kE)26™ L + -+ (k&)™ 6™ 1]d,

<y™1n, where n=(m-—n)d,.
Taking limit as n,m — oo we get

lim d(x,,x,) =0, lim d(y,,ym) =0 and lim d(z,, z,). (2.13)
mmn—oo mmn—oo mmn—oo
Similarly, using (2.26) and triangular inequality, we can prove that,
lim d(xp,x,) =0, lim dy,y,) =0and lim d(z,, z,) = 0. (2.14)
m,n—co m,n—oco m,n—co

Thus from equations (2.27) and (2.28), {x,}, {y,.} and {z,,} are Cauchy sequences in X. Since X
is complete dgb —metric space, there exist u, v,w € X such that x,, = u,y, 2 vandz, - w.
We claim that (u,v,w) is a tripled fixed point of T. Since T is continuous, for r > 0, there
exists w > 0 such that,

d(T(x,y,z), T(u,v,w)) < i whenever d(x,u) +d(y,v) +d(z,w) <w

Using definition of limit, for £ = min{é,%}, we can find Ny, Ny, N, € N such that
d(xn,u) <&, d(n,v) <&,d(zn,w) <& whenever n = Ny = max{Ny, N,, N, }.

Consider for anyn = N,,

d(T(u, v, W),U.) = k[d(t(u' v, W),Xn+1) + d(xn+1,u)]

= kd(T(u! v, W)' T(xn! Yn Zn)) + kd(xn+1'u)

<r.
Thus d(T (u,v,w),u) = 0. Similarly d(u, T (u,v,w)) = 0. Thus we see that T(u,v,w) = u.
On the similar lines we can prove that T(v,w,u) =v, and T(w,u,v) =w. And hence
(u,v,w) is tripled fixed point of T in X.

Theorem 2.2 Let (X, d) be a complete dqgb — metric space with coefficient k. Let T : X X X X
X — X be continuous mapping such that
d(T(x,y,2), T(w,v,w)) < %[d(x, T(x,y,2))+d(y,T(y, zx))+
d(z,T(z,x,vy))(2.15)
+d(u, T(u,v,w)) +d(v, T(v,w,u)) +d(w,T(w,u,v))],
forallx,y,z,u,v,w € X. Where @ € [0,1). Then there exists a tripled fixed point of T in X.

Proof. Let (xg,¥q,Zo) be any arbitrarily fixed point in X X X X X. We set T (xq, Yo, Zo) = X1,
T (¥o,29,x0) = Y1 and T(zy, Xo,Yo) = z1. Thus we can construct three sequences of points in

X namely {x,}, {yn} and {z,,}, with X417 =T (X0, Y, Z0n) » Yn+1 = T(Vn Zn, X)) and zppyq =
T(zy, Xn, Yn)- Consider,

d(xlixZ) = d(T(xO! yo;Zo);T(xl;y1;Z1))

= %[d(xO:T(xO:J’o’Zo)) + d(o, T Vo, 20, X0)) + d(20, T (20, X0, Y0)) (2.16)
Zd(xb T(x1,y1,21)) + A1, T (Y1, 21, %1)) + (21, T (21, %1, ¥1))]

= ~[d(x0,x1) + d(¥o,¥1) + d(Z0,21)
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+d(x1,%2) + d(V1,¥2) + d (21, 22)].

Similarly,
d(ylﬂ yZ) = d(T(yOIZOIxO)' T(ylﬁzllxl)) (2-17)
= %[d(J’o’T(J’o’Zo’xo)) + d (20, T(20, X0, ¥0)) + d(x0, T (X0, Y0, Z0))
'!Z‘d(}’LT(}’LZLxﬂ) + d (21, T (21, %1,¥1)) + d(xy, T(x1,¥1,21))]
= —[d(x0,x1) + d(¥o,¥1) + d(Z0,21)
; +d(x1,X2) + d(y1,¥2) + d(z1, 23)].
an

d(ZLZZ) = d(T(ZO!xOJ yo),T(Z1,x1, yl))

= %[d(ZO:T(Zo’xo’YO)) + d (%0, T (X0, Y0, 20)) + Ao, T (Yo, Zo, X0)) (2.18)
zd(zb T(z1,x1,y1)) + d(x, T (x1,¥1,21)) + A1, T (Y1, 21, %1))]

= ~[d(x0, x1) + d(¥o,¥1) + d(Z0,21)

+d(x1,x2) + d(y1,y2) + d(z4, 23)]-
Now summing up (??),(2.17) and (??), we get,

d(x1,%2) + A1, y2) + d(21,22) < %[d(xo’xﬂ + d(yo,¥1) + d(20,21)]. (2.19)
Now consider,
d(§2:x3) = d(T(x1,¥1,21), T (x2,¥2,22))
=< [d(xy, T(x1,¥1,21)) + A1, T (Y1, 21, %1)) + (21, T(21, X1, Y1)
zd(xz’T(xz’YZrzz)) + d2, T(Y2) 22, X2)) + d(22, T (22, %2, ¥2))]
=—[d(x1,x2) + d(y1,¥2) + d(z1,22) (2.20)
+d(x2,x3) + d(¥2, ¥3) + d(22,23)]-

A2, y3) = d(T (Y1, 21,%0), T (Y1, 21, X1)) (2.21)
= %[d(J’o: T (Yo, 20, %0)) + d(20, T(29, X0, ¥0)) + d (X0, T (X0, Yo, Z0))
‘!l'd(J’1:T(J’1:Z1:x1)) + d (21, T (21, %1, ¥1)) + d(xy, T (x1, Y1, 21))]
= —[d(x0,%1) + d(¥o,y1) + d(20,21)
+d(x1,%2) + d(y1,¥2) + d(21,22)].

Similarly,

and
d(ZZIZ3) = d(T(Zl,Xl, yl)'T(ZZﬁxZﬁ yZ))
< ad(zy,2;) + fd(x1,x2) +vd (Y1, ¥2). (2.22)
Now summing up (??),(??) and (??), we get,
d(x2,x3) + d(Y2,¥3) + d(22,23) < (@ + B +y)(d(x1,X2) + d(V1,¥2) + d(24,22)).(2.23)
Using (2.5), we can write,
d(xz,%3) + d(V2,¥3) + d(22,23) < (@ + B +¥)*(d(x0,%1) + d (Yo, 1) + d (20, 21))-
In general, for anyn € N, we get,
d(Xp, Xn+1) + AWVn Yne1) + d(Zn, Znea) < (@ + B +¥)"(d (X0, X1) + d (Yo, ¥1) + d(20, 21)).

(2.24)
Thus writing, d, = d(xp, Xp41) + AV V1) + A(Zn, Zpe1) and a + f +y = § we get
0<d, <8, (2.25)
With similar arguments we can prove that,
0<d,<ds"d, (2.26)

where d'y = d(Xp41,%n) + AVne1, Yn) + A(Zns1,2,) and d'o = (d(xq,%0) + d(¥1,¥0) +
d(z4,2y))- Now, form,n € N and n < m, using triangular inequality of the definition,
d(xn' xm) < kd(xn: xn+1) + kzd(xn+1:xn+2)+-- . +km_nd(xm—1'xm)
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Similarly,
4 d(yn: ym) = kd(yn: yn+1) + kzd(yn+1: yn+2)+- . +km_nd(ym—1' ym)

an

d(zn' Zm) = kd(zn' Zn+1) + kzd(Zn+1,Zn+2)+.. . +km_nd(Zm_1,Zm)
Adding these inequalities and using equation (2.25)

d(xn' xm) + d(yn: ym) + d(zn' Zm) = k[d(xn' xn+1) + d(yn: yn+1) +
d(Zn: Zn+1)] + kz[d(xn+1:xn+2)

+dYVn+1 Yn2) T d(Znt1, Zna2)] + o+ K" A (-1, Xm)

+d V-1, Ym) + d(Zm-1,Zn)]

< [k&™ + k26™ 1+, +k™ 6™ 1]d,

= [(k8)6™ 1 + (k6)26™ L + -+ (k&)™ 6™ 1]d,

<y™1n, where n=(m-—n)d,.
Taking limit as n,m — oo we get

lim d(x,, x,) =0, lim d(¥,Ym) =0 and lim d(z,, zp). (2.27)
mmn—oo m,n—oo mmn—oo

Similarly, using (2.26) and triangular inequality, we can prove that,
lim d(xp,x,) =0, lim d(ymy, ) =0and lim d(zy,, z,) = 0. (2.28)
m,n—oo m,n—co m,n—oo

Thus from equations (2.27) and (2.28), {x,}, {y,.} and {z,,} are Cauchy sequences in X. Since X
is complete dgb —metric space, there exist u, v,w € X such thatx,, = u,y, =2 vandz, - w.
We claim that (u,v,w) is a tripled fixed point of T. Since T is continuous, for r > 0, there
exists w > 0 such that,

d(T(x,y,2), T(u,v,w)) < i whenever d(x,u) +d(y,v) +d(z,w) <w

Using definition of limit, for & = min{i,%}, we can find Ny, N,,, N, € N such that
d(xn,u) <&, d(n,v) <&,d(zn,w) < § whenever n = Ny = max{Ny, N,, N,}.

Consider for anyn = N,,

d(T(u, v, W),U.) = k[d(t(u' v, W),Xn+1) + d(xn+1,u)]

= kd(T(u' v, W)' T(xn' Yno Zn)) + kd(xn+1'u)

<r.
Thus d(T (u,v,w),u) = 0. Similarly d(u, T (u,v,w)) = 0. Thus we see that T(u,v,w) = u.
On the similar lines we can prove that T(v,w,u) =v, and T(w,u,v) =w. And hence
(u,v,w) is tripled fixed point of T in X.
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