
              Cosmos Multidisciplinary Research E-Journal   Online Available at www.cmrj.in 

               Recognized International Peer Reviewed Journal          Impact Factor 5.3    ISSN No. 2456-1665 

Volume VII, Issue XI  (November 2022)         Page 25 

A Study on Fixed Point Theorems of Generalized Cyclic Multi-Valued 
Mappings On Dislocated Quasi B-Metric Spaces 

 

P. G. Golhare  
Department of Mathematics  

Sant Dnyaneshwar Mahavidyalaya, Soegaon,  
Aurangabad, India (MS) 

 
 

1.        Introduction and Preliminaries 
            In 2015, Chakkrid and Cholatis[1] introduced concept of dislocated quasi b-metric 
space and proved some fixed point theorems for cyclic contractions in such spaces. Mujeeb 
Ur Rahman and Muhammad Sarwar[3] studied dislocated quasi b-metric spaces and 
established fixed point theorems for Kannan contraction and Chetterjea type contraction. 
Cholatis et al.[2] proved fixed point theorems for cyclic weakly contractions in dislocated 
quasi b-metric space. They have also discussed topology of dislocated quasi b-metric spaces 
and studied some properties of dislocated quasi b-metric spaces. In 2017, Ampon Buayai, 
Araya Wiwatwanich, Annop Kaewkhao[4] established some fixed point theorems for cyclic 
multivalued mappings satisfying different contractive conditions in complete dislocated quasi 
metric spaces. In this paper we have established some fixed point theorems for different set 
valued contraction mappings in complete dislocated quasi b-metric spaces which extend 
some well known fixed point theorems existing in the literature. 
 
Definition 1.1 [1] Let 𝑋 be a non-empty set. Let the mapping 𝑑: 𝑋 × 𝑋 → [0, ∞) and constant 
𝑘 ≥ 1 satisfy following conditions:   
    1.  𝑑(𝑥, 𝑦) = 0 = 𝑑(𝑦, 𝑥) ⇒ 𝑥 = 𝑦, ∀𝑥, 𝑦 ∈ 𝑋  
    2.  𝑑(𝑥, 𝑦) ≤ 𝑘[𝑑(𝑥, 𝑧) + 𝑑(𝑧, 𝑦)], ∀𝑥, 𝑦, 𝑧 ∈ 𝑋.  
 Then the pair (𝑋, 𝑑) is called dislocated quasi-𝑏 −metric space or in short 𝑑𝑞𝑏 −metric 
space. 
 The constant 𝑘 is called coefficient of (𝑋, 𝑑). It is clear that 𝑏 −metric spaces, quasi-
𝑏 −metric spaces and 𝑏 −metric-like spaces are 𝑑𝑞𝑏 −metric spaces but converse is not true.  
Example 1.2 [3] Let 𝑋 = 𝑅ା and for 𝑝 > 1, 𝑑: 𝑋 × 𝑋 → [0, ∞) be defined as, 
 𝑑(𝑥, 𝑦) = |𝑥 − 𝑦|௣ + |𝑥|௣, ∀𝑥, 𝑦 ∈ 𝑋. 
Then (𝑋, 𝑑) is 𝑑𝑞𝑏 −metric space with 𝑘 = 2௣ > 1. But (𝑋, 𝑑) is not 𝑏 −metric space and 
also not dislocated quasi metric space. 
  
Example 1.3 [1] Let 𝑋 = 𝑅 and suppose,  
 𝑑(𝑥, 𝑦) = |2𝑥 − 𝑦|ଶ + |2𝑥 + 𝑦|ଶ 
then (𝑋, 𝑑) is 𝑑𝑞𝑏 −metric space with coefficient 𝑘 = 2 but (𝑋, 𝑑) is not a quasi-𝑏 −metric 
space. Also (𝑋, 𝑑) is not dislocated quasi metric space.  
  
Definition 1.4 [4] A sequence {𝑥௡}, 𝑑𝑞𝑏 −converges to 𝑥 ∈ 𝑋 if and only if for all 𝜖 > 0 there 
exists 𝑛ఢ ∈ ℕ such that for all 𝑛 > 𝑛ఢ , 𝑑(𝑥, 𝑥௡) < 𝜖. In this case, we write  
 lim

௡→ஶ
𝑑(𝑥, 𝑥௡) = 0. 

In this case 𝑥 is called 𝑑𝑞𝑏 −limit of {𝑥௡} and {𝑥௡} is said to be 𝑑𝑞𝑏 −convergent to 𝑥, written 
as 𝑥௡ → 𝑥.  
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Definition 1.5 [4] A sequence {𝑥௡} is called a 𝑑𝑞𝑏 −Cauchy sequence if and only if for all 𝜖 >
0 there exist 𝑛ఢ ∈ ℕ such that for all for all 𝑚 > 𝑛 ≥ 𝑛ఢ , 𝑑(𝑥௡, 𝑥௠) < 𝜖. In this case, we write 
𝑙𝑖𝑚௡→ஶ𝑑(𝑥௡, 𝑥௠) = 0.  
  
Definition 1.6 [1] A 𝑑𝑞𝑏 −metric space (𝑋, 𝑑) is said to be 𝑑𝑞𝑏 −complete if every 
𝑑𝑞𝑏 −Cauchy sequence in it is 𝑑𝑞𝑏 −convergent in 𝑋.  
  
Definition 1.7 [4] A subset 𝑀 of 𝑋 is said to be closed if and only if for each sequence {𝑥௡} in 𝑋 
which converges to an element 𝑥, we have 𝑥 ∈ 𝑀.  
  
Definition 1.8 [4]A subset 𝑆 of 𝑋 is bounded if there exists 𝑀 ∈ (0, ∞) such that 𝑑(𝑥, 𝑦) ≤ 𝑀 
for all 𝑥, 𝑦 ∈ 𝑆. 
  
Proposition 1.9 [2] Every subsequence of a 𝑑𝑞𝑏 −convergent sequence in a 𝑑𝑞𝑏 −metric 
space (𝑋, 𝑑) is 𝑑𝑞𝑏 −convergent sequence.  
  
Proposition 1.10 [2] Every subsequence of a 𝑑𝑞𝑏 −Cauchy sequence in a 𝑑𝑞𝑏 −metric space 
(𝑋, 𝑑) is 𝑑𝑞𝑏 −Cauchy sequence.  
  
Proposition 1.11 [2]If (𝑋, 𝑑) is a 𝑑𝑞𝑏 −metric space then a function 𝑓: 𝑋 → 𝑋 is continuous if 
and only if 𝑥௡ → 𝑥 ⇒ 𝑓𝑥௡ → 𝑓𝑥.  
  
Lemma 1.12 [2] Limit of a 𝑑𝑞𝑏 −convergent sequence in 𝑑𝑞𝑏 −metric space is unique.  
 
 
Proposition 1.13  If 𝑢 is limit of some 𝑑𝑞𝑏 −convergent sequence in a 𝑑𝑞𝑏 −metric space 
(𝑋, 𝑑) then 𝑑(𝑢, 𝑢) = 0.  
  
Proof. 0 = lim௡→ஶ𝑑(𝑥௡, 𝑢) = lim௡→ஶ𝑑(𝑥௡, 𝑥௠) = 𝑑(𝑢, 𝑢), 𝑚 > 𝑛. 
 Ampon Buayai et.al[4] has defined following notions. Let (𝑋, 𝑑) be a 𝑑𝑞𝑏 −metric space with 
coefficient 𝑘. Let 𝐴, 𝐵 ∈ 𝐶𝐵(𝑋) where 𝐶𝐵(𝑋) denote the family of all non-empty closed 
bounded subsets of 𝑋. Define the functional 𝐻: 𝐶𝐵(𝑋) × 𝐶𝐵(𝑋) → 𝑅ା by  
 𝐻(𝐴, 𝐵) = max{ℎ(𝐴, 𝐵), ℎ(𝐵, 𝐴)} 
where  
 ℎ(𝐴, 𝐵) = sup{𝑑(𝑎, 𝐵): 𝑎 ∈ 𝐴} 
with  
 𝑑(𝑎, 𝐵) = inf{𝑑(𝑎, 𝑏): 𝑏 ∈ 𝐵}. 
 
Lemma 1.14 [4] Let (𝑋, 𝑑) be a 𝑑𝑞𝑏 −metric space with coefficient 𝑘. For any 𝐴, 𝐵 ∈ 𝐶𝐵(𝑋) 
and any 𝑥, 𝑦 ∈ 𝑋, the following statements are true:   
    1.  𝑑(𝑥, 𝐵) ≤ 𝑑(𝑥, 𝑏) for any 𝑏 ∈ 𝐵,  
    2.  ℎ(𝐴, 𝐵) ≤ 𝐻(𝐴, 𝐵),  
    3.  𝑑(𝑎, 𝐵) ≤ 𝐻(𝐴, 𝐵) for any 𝑎 ∈ 𝐴,  
    4.  𝐻(𝐴, 𝐴) = 0,  
    5.  𝐻(𝐴, 𝐵) = 𝐻(𝐵, 𝐴),  
    6.  𝑑(𝑥, 𝐴) ≤ 𝑘[𝑑(𝑥, 𝑦) + 𝑑(𝑦, 𝐴)].  
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 Lemma 1.15 [4] Let (𝑋, 𝑑) be a 𝑑𝑞𝑏 −metric space with coefficient 𝑘 and 𝐴 be a non-empty 
closed subset of 𝑋 and 𝑥 ∈ 𝑋. If 𝑑(𝑥, 𝐴) = 0, then 𝑥 ∈ 𝐴.  
  
Lemma 1.16 [4] Let (𝑋, 𝑑) be a 𝑑𝑞𝑏 −metric space with coefficient 𝑘 and 𝐴, 𝐵 ∈ 𝐶𝐵(𝑋). If 
𝐻(𝐴, 𝐵) = 0, then 𝐴 = 𝐵.  
  
Lemma 1.17 [4] Let (𝑋, 𝑑) be a 𝑑𝑞𝑏 −metric space with coefficient 𝑘 and 𝐴, 𝐵 ∈ 𝐶𝐵(𝑋). Then 
for each 𝑐 > 1 and for all 𝑥 ∈ 𝐴 there exists 𝑦 ∈ 𝐵 such that 𝑑(𝑥, 𝑦) ≤ 𝑐𝐻(𝐴, 𝐵).  
  
Definition 1.18 [6] Let (𝑋, 𝑑) be a 𝑑𝑞𝑏 −metric space and 𝑇, 𝑆: 𝑋 → 𝑋 be two mappings, then 
the mapping 𝑆 is called 𝑇 −contraction if there exists 𝛼 ∈ [0,1) such that, 
 𝑑(𝑇𝑆𝑥, 𝑇𝑆𝑦) ≤ 𝛼𝑑(𝑇𝑥, 𝑇𝑦), ∀𝑥, 𝑦 ∈ 𝑋. 
 
 We define following contractions.  
Definition 1.19 Let (𝑋, 𝑑) be a 𝑑𝑞𝑏 −metric space. Let 𝑇: 𝑋 → 𝑋 and 𝑆: 𝐴 ∪ 𝐵 → 𝐶𝐵(𝑋), 
where 𝐴, 𝐵 ∈ 𝐶𝐵(𝑋), be two mappings, then the mapping 𝑆 is called 𝑇 −Banach cyclic 
multivalued contraction if 𝑆(𝐴) ⊂ 𝐵, 𝑆(𝐵) ⊂ 𝐴 and there exists 𝛼 ∈ [0,1) such that, 
 𝐻(𝑇𝑆𝑥, 𝑇𝑆𝑦) ≤ 𝛼𝑑(𝑇𝑥, 𝑇𝑦), ∀𝑥, 𝑦 ∈ 𝑋. 
 
 Definition 1.20 Let (𝑋, 𝑑) be a 𝑑𝑞𝑏 −metric space. Let 𝑇: 𝑋 → 𝑋 and 𝑆: 𝐴 ∪ 𝐵 → 𝐶𝐵(𝑋), 
where 𝐴, 𝐵 ∈ 𝐶𝐵(𝑋), be two mappings, then the mapping 𝑆 is called 𝑇 −Kannan cyclic 
multivalued contraction if 𝑆(𝐴) ⊂ 𝐵, 𝑆(𝐵) ⊂ 𝐴 and there exists 𝛼 ∈ [0,1/2) such that, 
 𝐻(𝑇𝑆𝑥, 𝑇𝑆𝑦) ≤ 𝛼[𝑑(𝑇𝑥, 𝑇𝑆𝑥) + 𝑑(𝑇𝑦, 𝑇𝑆𝑦)], ∀𝑥, 𝑦 ∈ 𝑋. 
 
 2.    Main Results 
Ampon Buayai, Araya Wiwatwanich, Annop Kaewkhao[4] have proved following two 
theorems for cyclic multi-valued Banach contraction mappings and cyclic multi-valued Kannan 
mappings in 𝑑𝑞𝑏 −metric spaces.  
Theorem 2.1 [4] Let 𝐴 and 𝐵 be non-empty closed subsets of a complete 𝑑𝑞𝑏 −metric space 
(𝑋, 𝑑) with coefficient 𝑘 and 𝑇: 𝐴 ∪ 𝐵 → 𝐶𝐵(𝑋) be a cyclic multi-valued mapping. If there 
exists a constant 𝛼 ∈ (0,1/2) with 𝑘𝛼 < 1/2 such that  
 𝐻(𝑇𝑥, 𝑇𝑦) ≤ 𝛼[𝑑(𝑥, 𝑇𝑥) + 𝑑(𝑦, 𝑇𝑦)], 
for all 𝑥 ∈ 𝐴 and 𝑦 ∈ 𝐵. Then 𝑇 has atleast one fixed point in 𝐴 ∩ 𝐵.  
  
Theorem 2.2 [4] Let 𝐴 and 𝐵 be non-empty closed subsets of a complete 𝑑𝑞𝑏 −metric space 
(𝑋, 𝑑) with coefficient 𝑘 and 𝑇: 𝐴 ∪ 𝐵 → 𝐶𝐵(𝑋) be a cyclic multi-valued mapping. If there 
exists a constant 𝛼 ∈ (0,1) with 𝑘𝛼 < 1 such that  
 𝐻(𝑇𝑥, 𝑇𝑦) ≤ 𝛼𝑑(𝑥, 𝑦), 
for all 𝑥 ∈ 𝐴 and 𝑦 ∈ 𝐵. Then 𝑇 has atleast one fixed point in 𝐴 ∩ 𝐵.  
 Now we state and prove our first result.  
Theorem 2.3 Let 𝐴 and 𝐵 be non-empty closed subsets of a complete 𝑑𝑞𝑏 −metric space 
(𝑋, 𝑑) with coefficient 𝑘 and 𝑓: 𝐴 ∪ 𝐵 → 𝐶𝐵(𝑋) be a cyclic multi-valued mapping. If there 
exists a function 𝛼: [0, ∞) → (0,1/𝑘) such that 𝐻(𝑓𝑥, 𝑓𝑦) ≤ 𝛼(𝑑(𝑥, 𝑦))𝑑(𝑥, 𝑦), for all 𝑥 ∈ 𝐴 
and 𝑦 ∈ 𝐵. Then 𝑓 has atleast one fixed point in 𝐴 ∩ 𝐵.  
  
Proof. Let 𝑥଴ ∈ 𝑋 be a arbitrarily fixed. Let 𝑐 be such that 1 < 𝑐 <

ଵ

௦௨௣{ఈ(ௗ(௫,௬)):௫∈஺,௬∈஻}
. We 

can choose 𝑥ଵ ∈ 𝑓𝑥଴ ⊂ 𝐵. By lemma (1.17), there exists 𝑥ଶ ∈ 𝑓𝑥ଵ ⊂ 𝐴 such that  
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 𝑑(𝑥ଵ, 𝑥ଶ) ≤ 𝑐𝐻(𝑓𝑥଴, 𝑓𝑥ଵ) 
 ≤ 𝑐𝛼(𝑑(𝑥଴, 𝑥ଵ))𝑑(𝑥଴, 𝑥ଵ). 
 Again using same argument as above, there exists 𝑥ଷ ∈ 𝑓𝑥ଶ ⊂ 𝐵 such that  
 𝑑(𝑥ଶ, 𝑥ଷ) ≤ 𝑐𝐻(𝑓𝑥ଵ, 𝑓𝑥ଶ) 
 ≤ 𝑐𝛼(𝑑(𝑥ଵ, 𝑥ଶ))𝑑(𝑥ଵ, 𝑥ଶ) 
 ≤ 𝑐𝑑(𝑥ଵ, 𝑥ଶ) 
 ≤ 𝑐ଶ𝛼(𝑑(𝑥଴, 𝑥ଵ))𝑑(𝑥଴, 𝑥ଵ). 
 For simplicity let 𝛼௡ = 𝛼௡(𝑑(𝑥଴, 𝑥ଵ)). Thus for any 𝑛 ∈ 𝑁, we have 𝑥௡ାଵ ∈ 𝑓𝑥௡ such that  
 𝑑(𝑥௡, 𝑥௡ାଵ) ≤ 𝑐௡𝛼௡𝑑(𝑥଴, 𝑥ଵ) 
 = 𝑠௡𝑑(𝑥଴, 𝑥ଵ), 𝑤ℎ𝑒𝑟𝑒       𝑠 = 𝑐𝛼 < 1. 
 Now we prove that {𝑥௡} is a 𝑑𝑞𝑏 −Cauchy sequence. Let 𝑚, 𝑛 ∈ 𝑁 such that 𝑚 > 𝑛 and 𝑚 =
𝑛 + 𝑗 for some 𝑗 ∈ 𝑁. Consider,  
 𝑑(𝑥௡, 𝑥௠) = 𝑑(𝑥௡, 𝑥௡ା௝) 
 ≤ 𝑘𝑑(𝑥௡, 𝑥௡ାଵ) + 𝑘ଶ𝑑(𝑥௡ାଵ, 𝑥௡ାଶ) + ⋯ + 𝑘௝𝑑(𝑥௡ା௝ିଵ, 𝑥௡ା௝) 
 ≤ 𝑘𝑠௡𝑑(𝑥଴, 𝑥ଵ) + 𝑘ଶ𝑠௡ାଵ𝑑(𝑥଴, 𝑥ଵ) + ⋯ + 𝑘௝𝑠௡ା௝ିଵ𝑑(𝑥଴, 𝑥ଵ) 
 ≤ [1 + 𝑘𝑠 + (𝑘𝑠)ଶ + ⋯ + (𝑘𝑠)௝ିଵ]𝑘𝑠௡𝑑(𝑥଴, 𝑥ଵ) 

 =
ଵି(௞௦)ೕ

ଵି௞௦
𝑘𝑠௡𝑑(𝑥଴, 𝑥ଵ). 

 Taking limit as 𝑛 → ∞ in above inequality, we get  
 lim

௡→ஶ
𝑑(𝑥௡, 𝑥௠) = 0. 

Hence {𝑥௡} is a 𝑑𝑞𝑏 −Cauchy sequence. Since (𝑋, 𝑑) is complete 𝑑𝑞𝑏 −metric space, {𝑥௡}  
𝑑𝑞𝑏 −converges to some 𝑥 ∈ 𝑋. The subsequences {𝑥ଶ௡} in 𝐴 and {𝑥ଶ௡ିଵ} in 𝐵 also converge 
to 𝑥 ∈ 𝑋. As 𝐴 and 𝐵 are closed subspaces of 𝑋, 𝑥 ∈ 𝐴 ∩ 𝐵. Now to prove that 𝑥 ∈ 𝑓𝑥. We 
consider  
 𝑑(𝑥, 𝑓𝑥) ≤ 𝑘[𝑑(𝑥, 𝑥௡ାଵ) + 𝑑(𝑥௡ାଵ, 𝑓𝑥)] 
 = 𝑘𝑑(𝑥, 𝑥௡ାଵ) + 𝑘𝑑(𝑥௡ାଵ, 𝑓𝑥) 
 ≤ 𝑘𝑑(𝑥, 𝑥௡ାଵ) + 𝑘𝐻(𝑓𝑥௡, 𝑓𝑥) 
 = 𝑘𝑑(𝑥, 𝑥௡ାଵ) + 𝑘𝐻(𝑓𝑥, 𝑓𝑥௡) 
 ≤ 𝑘𝑑(𝑥, 𝑥௡ାଵ) + 𝑘𝛼(𝑑(𝑥, 𝑥௡))𝑑(𝑥, 𝑥௡) 
 ≤ 𝑘𝑑(𝑥, 𝑥௡ାଵ) + 𝑘𝑑(𝑥, 𝑥௡). 
 Since above inequality is true for all 𝑛 ∈ 𝑁, taking limit as 𝑛 → ∞, we get  
 𝑑(𝑥, 𝑓𝑥) = 0. 
As 𝑓𝑥 is closed, using lemma (1.15), we get 𝑥 ∈ 𝑓𝑥. Hence the theorem is proved.  
  
Theorem 2.4 Let 𝐴 and 𝐵 be non-empty closed subsets of a complete 𝑑𝑞𝑏 −metric space 
(𝑋, 𝑑) with coefficient 𝑘 and 𝑓: 𝐴 ∪ 𝐵 → 𝐶𝐵(𝑋) be a cyclic multi-valued mapping. If there 
exists 𝛼 ∈ (0,1/𝑘) such that 𝐻(𝑓𝑥, 𝑓𝑦) ≤ 𝛼𝑚𝑎𝑥{𝑑(𝑥, 𝑦), 𝑑(𝑦, 𝑓𝑦)} for all 𝑥 ∈ 𝐴 and 𝑦 ∈ 𝐵. 
Then 𝑓 has atleast one fixed point in 𝐴 ∩ 𝐵.  
  
Proof. Let 𝑥଴ ∈ 𝑋 be a arbitrarily fixed. Let 𝑐 be such that 1 < 𝑐 <

ଵ

ఈ
. We can choose 𝑥ଵ ∈

𝑓𝑥଴ ⊂ 𝐵. By lemma (1.17), there exists 𝑥ଶ ∈ 𝑓𝑥ଵ ⊂ 𝐴 such that  
 𝑑(𝑥ଵ, 𝑥ଶ) ≤ 𝑐𝐻(𝑓𝑥଴, 𝑓𝑥ଵ) 
 ≤ 𝑐𝛼max{𝑑(𝑥଴, 𝑥ଵ), 𝑑(𝑥ଵ, 𝑓𝑥ଵ)} 
 ≤ 𝑐𝛼max{𝑑(𝑥଴, 𝑥ଵ), 𝑑(𝑥ଵ, 𝑥ଶ)}. 
 If max{𝑑(𝑥଴, 𝑥ଵ), 𝑑(𝑥ଵ, 𝑥ଶ)} = 𝑑(𝑥ଵ, 𝑥ଶ), then we get a contradiction that 1 ≤ 𝑐𝛼. Therefore 
taking 𝛽 = max{𝑑(𝑥଴, 𝑥ଵ), 𝑑(𝑥ଵ, 𝑥଴)}, we get 𝑑(𝑥ଵ, 𝑥ଶ) ≤ 𝑐𝛼𝛽. 
Again using same argument as above, there exists 𝑥ଷ ∈ 𝑓𝑥ଶ ⊂ 𝐵 such that  
 𝑑(𝑥ଶ, 𝑥ଷ) ≤ 𝑐𝐻(𝑓𝑥ଵ, 𝑓𝑥ଶ) 
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 ≤ 𝑐𝛼max{𝑑(𝑥ଵ, 𝑥ଶ), 𝑑(𝑥ଶ, 𝑓𝑥ଶ)} 
 ≤ 𝑐𝛼max{𝑑(𝑥ଵ, 𝑥ଶ), 𝑑(𝑥ଶ, 𝑥ଷ)} 
 ≤ 𝑐𝛼max{𝑐𝛼𝛽, 𝑑(𝑥ଶ, 𝑥ଷ)}. 
 If max{𝑐𝛼𝛽, 𝑑(𝑥ଶ, 𝑥ଷ)} = 𝑑(𝑥ଶ, 𝑥ଷ), then again we get a contradiction that 1 ≤ 𝑐𝛼. Therefore 
𝑑(𝑥ଶ, 𝑥ଷ) ≤ (𝑐𝛼)ଶ𝛽. 
Continuing in this manner we get, for any 𝑛 ∈ ℕ, 𝑥௡ାଵ ∈ 𝑓𝑥௡ such that  
 𝑑(𝑥௡, 𝑥௡ାଵ) ≤ (𝑐𝛼)௡𝛽 
 = 𝑠௡𝛽, 
  𝑤ℎ𝑒𝑟𝑒       𝑠 = 𝑐𝛼 < 1. 
Now we prove that {𝑥௡} is a 𝑑𝑞𝑏 −Cauchy sequence. Let 𝑚, 𝑛 ∈ 𝑁 such that 𝑚 > 𝑛 and 𝑚 =
𝑛 + 𝑗 for some 𝑗 ∈ 𝑁. Consider,  
 𝑑(𝑥௡, 𝑥௠) = 𝑑(𝑥௡, 𝑥௡ା௝) 
 ≤ 𝑘𝑑(𝑥௡, 𝑥௡ାଵ) + 𝑘ଶ𝑑(𝑥௡ାଵ, 𝑥௡ାଶ) + ⋯ + 𝑘௝𝑑(𝑥௡ା௝ିଵ, 𝑥௡ା௝) 
 ≤ 𝑘𝑠௡𝛽 + 𝑘ଶ𝑠௡ାଵ𝛽 + ⋯ + 𝑘௝𝑠௡ା௝ିଵ𝛽 
 ≤ [1 + 𝑘𝑠 + (𝑘𝑠)ଶ + ⋯ + (𝑘𝑠)௝ିଵ]𝑘𝑠௡𝛽 

 =
ଵି(௞௦)ೕ

ଵି௞௦
𝑘𝑠௡𝛽. 

 Taking limit as 𝑛 → ∞ in above inequality, we get  
 lim

௡→ஶ
𝑑(𝑥௡, 𝑥௠) = 0. 

Hence {𝑥௡} is a 𝑑𝑞𝑏 −Cauchy sequence. Since (𝑋, 𝑑) is 𝑑𝑞𝑏 −complete metric space, {𝑥௡}  
𝑑𝑞𝑏 −converges to some 𝑥 ∈ 𝑋. The subsequences {𝑥ଶ௡} in 𝐴 and {𝑥ଶ௡ିଵ} in 𝐵 also converge 
to 𝑥 ∈ 𝑋. As 𝐴 and 𝐵 are closed subspaces of 𝑋, 𝑥 ∈ 𝐴 ∩ 𝐵. Now to prove that 𝑥 ∈ 𝑓𝑥. We 
consider  
 𝑑(𝑥, 𝑓𝑥) ≤ 𝑘[𝑑(𝑥, 𝑥௡ାଵ) + 𝑑(𝑥௡ାଵ, 𝑓𝑥)] 
 = 𝑘𝑑(𝑥, 𝑥௡ାଵ) + 𝑘𝑑(𝑥௡ାଵ, 𝑓𝑥) 
 ≤ 𝑘𝑑(𝑥, 𝑥௡ାଵ) + 𝑘𝐻(𝑓𝑥௡, 𝑓𝑥) 
 ≤ 𝑘𝑑(𝑥, 𝑥௡ାଵ) + 𝑘𝛼max{𝑑(𝑥௡, 𝑥), 𝑑(𝑥, 𝑓𝑥)}. 
 Since above inequality is true for all 𝑛 ∈ 𝑁, taking limit as 𝑛 → ∞, we get a contradiction 
unless  
 𝑑(𝑥, 𝑓𝑥) = 0. 
As 𝑓𝑥 is closed, using lemma (1.15), we get 𝑥 ∈ 𝑓𝑥. Hence the theorem is proved.  
  
Theorem 2.5 Let 𝐴 and 𝐵 be non-empty closed subsets of a complete 𝑑𝑞𝑏 −metric space 
(𝑋, 𝑑) with coefficient 𝑘 and 𝑓: 𝐴 ∪ 𝐵 → 𝐶𝐵(𝑋) be a cyclic multi-valued mapping. If there 
exists 𝛼 ∈ (0,1/𝑘) such that 𝐻(𝑓𝑥, 𝑓𝑦) ≤ 𝛼𝑚𝑎𝑥{𝑑(𝑥, 𝑓𝑥), 𝑑(𝑦, 𝑓𝑦)} for all 𝑥 ∈ 𝐴 and 𝑦 ∈ 𝐵. 
Then 𝑓 has atleast one fixed point in 𝐴 ∩ 𝐵.  
  
Proof. Let 𝑥଴ ∈ 𝑋 be a arbitrarily fixed. Let 𝑐 be such that 1 < 𝑐 <

ଵ

ఈ
. We can choose 𝑥ଵ ∈

𝑓𝑥଴ ⊂ 𝐵. By lemma (1.17), there exists 𝑥ଶ ∈ 𝑓𝑥ଵ ⊂ 𝐴 such that  
 𝑑(𝑥ଵ, 𝑥ଶ) ≤ 𝑐𝐻(𝑓𝑥଴, 𝑓𝑥ଵ) 
 ≤ 𝑐𝛼max{𝑑(𝑥଴, 𝑓𝑥଴), 𝑑(𝑥ଵ, 𝑓𝑥ଵ)} 
 ≤ 𝑐𝛼max{𝑑(𝑥଴, 𝑥ଵ), 𝑑(𝑥ଵ, 𝑥ଶ)}. 
 If max{𝑑(𝑥଴, 𝑥ଵ), 𝑑(𝑥ଵ, 𝑥ଶ)} = 𝑑(𝑥ଵ, 𝑥ଶ)},  then we get a contradiction that 1 ≤ 𝑐𝛼. 
Therefore we get 𝑑(𝑥ଵ, 𝑥ଶ) ≤ 𝑐𝛼𝑑(𝑥ଵ, 𝑥଴). 
Again using same argument as above, there exists 𝑥ଷ ∈ 𝑓𝑥ଶ ⊂ 𝐵 such that  
 𝑑(𝑥ଶ, 𝑥ଷ) ≤ 𝑐𝐻(𝑓𝑥ଵ, 𝑓𝑥ଶ) 
 ≤ 𝑐𝛼max{𝑑(𝑥ଵ, 𝑓𝑥ଵ), 𝑑(𝑥ଶ, 𝑓𝑥ଶ)} 
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 ≤ 𝑐𝛼max{𝑑(𝑥ଵ, 𝑥ଶ), 𝑑(𝑥ଶ, 𝑥ଷ)} 
 ≤ 𝑐𝛼max{𝑐𝛼𝛽, 𝑑(𝑥ଶ, 𝑥ଷ)}. 
 If max{𝑐𝛼𝛽, 𝑑(𝑥ଶ, 𝑥ଷ)} = 𝑑(𝑥ଶ, 𝑥ଷ)}, then again we get a contradiction that 1 ≤ 𝑐𝛼. 
Therefore  𝑑(𝑥ଶ, 𝑥ଷ) ≤ (𝑐𝛼)ଶ𝛽. 
Continuing in this manner we get, for any 𝑛 ∈ ℕ, 𝑥௡ାଵ ∈ 𝑓𝑥௡ such that  
 𝑑(𝑥௡, 𝑥௡ାଵ) ≤ (𝑐𝛼)௡𝛽 
 = 𝑠௡𝛽, 
  𝑤ℎ𝑒𝑟𝑒       𝑠 = 𝑐𝛼 < 1. 
Now we prove that {𝑥௡} is a 𝑑𝑞𝑏 −Cauchy sequence. Let 𝑚, 𝑛 ∈ 𝑁 such that 𝑚 > 𝑛 and 𝑚 =
𝑛 + 𝑗 for some 𝑗 ∈ 𝑁. Consider,  
 𝑑(𝑥௡, 𝑥௠) = 𝑑(𝑥௡, 𝑥௡ା௝) 
 ≤ 𝑘𝑑(𝑥௡, 𝑥௡ାଵ) + 𝑘ଶ𝑑(𝑥௡ାଵ, 𝑥௡ାଶ) + ⋯ + 𝑘௝𝑑(𝑥௡ା௝ିଵ, 𝑥௡ା௝) 
 ≤ 𝑘𝑠௡𝛽 + 𝑘ଶ𝑠௡ାଵ𝛽 + ⋯ + 𝑘௝𝑠௡ା௝ିଵ𝛽 
 ≤ [1 + 𝑘𝑠 + (𝑘𝑠)ଶ + ⋯ + (𝑘𝑠)௝ିଵ]𝑘𝑠௡𝛽 

 =
ଵି(௞௦)ೕ

ଵି௞௦
𝑘𝑠௡𝛽. 

 Taking limit as 𝑛 → ∞ in above inequality, we get  
 lim

௡→ஶ
𝑑(𝑥௡, 𝑥௠) = 0. 

Hence {𝑥௡} is a 𝑑𝑞𝑏 −Cauchy sequence. Since (𝑋, 𝑑) is 𝑑𝑞𝑏 −complete metric space, {𝑥௡}  
𝑑𝑞𝑏 −converges to some 𝑥 ∈ 𝑋. The subsequences {𝑥ଶ௡} in 𝐴 and {𝑥ଶ௡ିଵ} in 𝐵 also converge 
to 𝑥 ∈ 𝑋. As 𝐴 and 𝐵 are closed subspaces of 𝑋, 𝑥 ∈ 𝐴 ∩ 𝐵. Now to prove that 𝑥 ∈ 𝑓𝑥. We 
consider  
 𝑑(𝑥, 𝑓𝑥) ≤ 𝑘[𝑑(𝑥, 𝑥௡ାଵ) + 𝑑(𝑥௡ାଵ, 𝑓𝑥)] 
 = 𝑘𝑑(𝑥, 𝑥௡ାଵ) + 𝑘𝑑(𝑥௡ାଵ, 𝑓𝑥) 
 ≤ 𝑘𝑑(𝑥, 𝑥௡ାଵ) + 𝑘𝐻(𝑓𝑥௡, 𝑓𝑥) 
 ≤ 𝑘𝑑(𝑥, 𝑥௡ାଵ) + 𝑘𝛼max{𝑑(𝑥௡, 𝑓𝑥௡), 𝑑(𝑥, 𝑓𝑥)} 
 ≤ 𝑘𝑑(𝑥, 𝑥௡ାଵ) + 𝑘𝛼max{𝑑(𝑥௡, 𝑥௡ାଵ), 𝑑(𝑥, 𝑓𝑥)}. 
 Since above inequality is true for all 𝑛 ∈ 𝑁, taking limit as 𝑛 → ∞, we get a contradiction 
unless  
 𝑑(𝑥, 𝑓𝑥) = 0. 
As 𝑓𝑥 is closed, using lemma (1.15), we get 𝑥 ∈ 𝑓𝑥. Hence the theorem is proved.  
  
Theorem 2.6 Let (𝑋, 𝑑) be a complete 𝑑𝑞𝑏 −metric space with coefficient 𝑘 ≥ 1. Let 𝑇: 𝑋 → 𝑋 
and 𝑓: 𝐴 ∪ 𝐵 → 𝐴 ∪ 𝐵 be self-mappings such that 𝑇 is continuous, one-one and 𝑓 is 
continuous 𝑇 −Banach cyclic multivalued contraction with 𝑘𝛼 ≤ 1. Then 𝑓 has atleast one 
fixed point in 𝐴 ∩ 𝐵.  
  
Proof. Let 𝑥଴ ∈ 𝑋 be a arbitrarily fixed. Let 𝑐 be such that 1 < 𝑐 <

ଵ

ఈ
. We can choose 𝑥ଵ ∈

𝑓𝑥଴ ⊂ 𝐵. By lemma (1.17), there exists 𝑥ଶ ∈ 𝑓𝑥ଵ ⊂ 𝐴 such that  
 𝑑(𝑇𝑥ଵ, 𝑇𝑥ଶ) ≤ 𝑐𝐻(𝑇𝑓𝑥଴, 𝑇𝑓𝑥ଵ) 
 Since 𝑓 is 𝑇 −Banach cyclic multivalued contraction with 𝑘𝛼 ≤ 1, we have,  
 𝑑(𝑇𝑥ଵ, 𝑇𝑥ଶ) ≤ 𝑐𝛼𝑑(𝑇𝑥଴, 𝑇𝑥ଵ). 
 Again using same argument as above, there exists 𝑥ଷ ∈ 𝑓𝑥ଶ ⊂ 𝐵 such that  
 𝑑(𝑇𝑥ଶ, 𝑇𝑥ଷ) ≤ 𝑐𝐻(𝑇𝑓𝑥ଵ, 𝑇𝑓𝑥ଶ) 
 ≤ 𝑐𝛼𝑑(𝑇𝑥ଵ, 𝑇𝑥ଶ) 
 ≤ 𝑐ଶ𝛼ଶ𝑑(𝑇𝑥଴, 𝑇𝑥ଵ). 
 Thus we can obtain for any 𝑛 ∈ 𝑁, 𝑥௡ାଵ ∈ 𝑓𝑥௡ such that  
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 𝑑(𝑇𝑥௡, 𝑇𝑥௡ାଵ) ≤ 𝑐௡𝛼௡𝑑(𝑇𝑥଴, 𝑇𝑥ଵ) 
 = 𝑠௡𝑑(𝑇𝑥଴, 𝑇𝑥ଵ), 𝑤ℎ𝑒𝑟𝑒       𝑠 = 𝑐𝛼 < 1. 
 Now we prove that {𝑇𝑥௡} is a 𝑑𝑞𝑏 −Cauchy sequence. Let 𝑚, 𝑛 ∈ 𝑁 such that 𝑚 > 𝑛 and 
𝑚 = 𝑛 + 𝑗 for some 𝑗 ∈ 𝑁. Consider,  
 𝑑(𝑇𝑥௡, 𝑇𝑥௠) = 𝑑(𝑇𝑥௡, 𝑇𝑥௡ା௝) 
 ≤ 𝑘𝑑(𝑇𝑥௡, 𝑇𝑥௡ାଵ) + 𝑘ଶ𝑑(𝑇𝑥௡ାଵ, 𝑇𝑥௡ାଶ) + ⋯ + 𝑘௝𝑑(𝑇𝑥௡ା௝ିଵ, 𝑇𝑥௡ା௝) 
 ≤ 𝑘𝑠௡𝑑(𝑇𝑥଴, 𝑇𝑥ଵ) + 𝑘ଶ𝑠௡ାଵ𝑑(𝑇𝑥଴, 𝑇𝑥ଵ) + ⋯ + 𝑘௝𝑠௡ା௝ିଵ𝑑(𝑇𝑥଴, 𝑇𝑥ଵ) 
 ≤ [1 + 𝑘𝑠 + (𝑘𝑠)ଶ + ⋯ + (𝑘𝑠)௝ିଵ]𝑘𝑠௡𝑑(𝑇𝑥଴, 𝑇𝑥ଵ) 

 =
ଵି(௞௦)ೕ

ଵି௞௦
𝑘𝑠௡𝑑(𝑇𝑥଴, 𝑇𝑥ଵ). 

 Taking limit as 𝑛 → ∞ in above inequality, we get  
 lim

௡→ஶ
𝑑(𝑇𝑥௡, 𝑇𝑥௠) = 0. 

Hence {𝑇𝑥௡} is a 𝑑𝑞𝑏 −Cauchy sequence. Since (𝑋, 𝑑) is 𝑑𝑞𝑏 −complete metric space, {𝑇𝑥௡}  
𝑑𝑞𝑏 −converges to some 𝑥 ∈ 𝑋. The subsequences {𝑇𝑥ଶ௡} in 𝐴 and {𝑇𝑥ଶ௡ିଵ} in 𝐵 also 
converge to 𝑥 ∈ 𝑋. As 𝐴 and 𝐵 are closed subspaces of 𝑋, 𝑥 ∈ 𝐴 ∩ 𝐵.  
 𝑑(𝑇𝑥, 𝑇𝑓𝑥) ≤ 𝑘[𝑑(𝑇𝑥, 𝑇𝑥௡ାଵ) + 𝑑(𝑇𝑥௡ାଵ, 𝑇𝑓𝑥)] 
 = 𝑘𝑑(𝑇𝑥, 𝑇𝑥௡ାଵ) + 𝑘𝑑(𝑇𝑥௡ାଵ, 𝑇𝑓𝑥) 
 ≤ 𝑘𝑑(𝑇𝑥, 𝑇𝑥௡ାଵ) + 𝑘𝐻(𝑇𝑓𝑥௡, 𝑇𝑓𝑥) 
 = 𝑘𝑑(𝑇𝑥, 𝑇𝑥௡ାଵ) + 𝑘𝐻(𝑇𝑓𝑥, 𝑇𝑓𝑥௡) 
 ≤ 𝑘𝑑(𝑇𝑥, 𝑇𝑥௡ାଵ) + 𝑘𝛼𝑑(𝑇𝑥, 𝑇𝑥௡) 
 ≤ 𝑘𝑑(𝑇𝑥, 𝑇𝑥௡ାଵ) + 𝑘𝑑(𝑇𝑥, 𝑇𝑥௡). 
 Since above inequality is true for all 𝑛 ∈ 𝑁, taking limit as 𝑛 → ∞, we get a contradiction 
unless  
 𝑑(𝑇𝑥, 𝑇𝑓𝑥) = 0. 
As 𝑇𝑓𝑥 is closed, using lemma (1.15), we get 𝑇𝑥 ∈ 𝑇𝑓𝑥 that is 𝑥 ∈ 𝑓𝑥. Hence the theorem is 
proved.  
  
Theorem 2.7 Let (𝑋, 𝑑) be a complete 𝑑𝑞𝑏 −metric space with coefficient 𝑘 ≥ 1. Let 𝑇: 𝑋 → 𝑋 
and 𝑓: 𝐴 ∪ 𝐵 → 𝐴 ∪ 𝐵 be self-mappings such that 𝑇 is continuous,one-one and 𝑓 is continuous 
𝑇 −Kannan cyclic multivalued contraction with 𝑘𝛼 ≤ 1/2. Then 𝑓 has atleast one fixed point 
in 𝐴 ∩ 𝐵.  
  
Proof. Let 𝑥଴ ∈ 𝑋 be a arbitrarily fixed. Let 𝑐 be such that 1 < 𝑐 <

ଵ

ଶఈ
. We can choose 𝑥ଵ ∈

𝑓𝑥଴ ⊂ 𝐵. By lemma (1.17), there exists 𝑥ଶ ∈ 𝑓𝑥ଵ ⊂ 𝐴 such that  
 𝑑(𝑇𝑥ଵ, 𝑇𝑥ଶ) ≤ 𝑐𝐻(𝑇𝑓𝑥଴, 𝑇𝑓𝑥ଵ) 
 Since 𝑓 is 𝑇 −Kannan cyclic multivalued contraction with 𝑘𝛼 ≤ 1, we have,  
 𝑑(𝑇𝑥ଵ, 𝑇𝑥ଶ) ≤ 𝑐𝛼[𝑑(𝑇𝑥଴, 𝑇𝑓𝑥଴) + 𝑑(𝑇𝑥ଵ, 𝑇𝑓𝑥ଵ)] 
 ≤

௖ఈ

ଵି௖ఈ
𝑑(𝑇𝑥଴, 𝑇𝑥ଵ). 

 Again using same argument as above, there exists 𝑥ଷ ∈ 𝑓𝑥ଶ ⊂ 𝐵 such that  
 𝑑(𝑇𝑥ଶ, 𝑇𝑥ଷ) ≤ 𝑐𝐻(𝑇𝑓𝑥ଵ, 𝑇𝑓𝑥ଶ) 
 ≤ 𝑐𝛼[𝑑(𝑇𝑥ଵ, 𝑇𝑓𝑥ଵ) + 𝑑(𝑇𝑥ଶ, 𝑇𝑓𝑥ଶ)] 
 ≤

௖ఈ

ଵି௖ఈ
𝑑(𝑇𝑥ଵ, 𝑇𝑥ଶ) 

 ≤ 𝜆ଶ𝑑(𝑇𝑥଴, 𝑇𝑥ଵ),       𝑤ℎ𝑒𝑟𝑒       𝜆 =
௖ఈ

ଵି௖ఈ
< 1. 

 Thus we can obtain for any 𝑛 ∈ 𝑁, 𝑥௡ାଵ ∈ 𝑓𝑥௡ such that  
 𝑑(𝑇𝑥௡, 𝑇𝑥௡ାଵ) ≤ 𝜆௡𝑑(𝑇𝑥଴, 𝑇𝑥ଵ). 
 Now we prove that {𝑇𝑥௡} is a 𝑑𝑞𝑏 −Cauchy sequence. Let 𝑚, 𝑛 ∈ 𝑁 such that 𝑚 > 𝑛 and 
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𝑚 = 𝑛 + 𝑗 for some 𝑗 ∈ 𝑁. Consider,  
 𝑑(𝑇𝑥௡, 𝑇𝑥௠) = 𝑑(𝑇𝑥௡, 𝑇𝑥௡ା௝) 
 ≤ 𝑘𝑑(𝑇𝑥௡, 𝑇𝑥௡ାଵ) + 𝑘ଶ𝑑(𝑇𝑥௡ାଵ, 𝑇𝑥௡ାଶ) + ⋯ + 𝑘௝𝑑(𝑇𝑥௡ା௝ିଵ, 𝑇𝑥௡ା௝) 
 ≤ 𝑘𝜆௡𝑑(𝑇𝑥଴, 𝑇𝑥ଵ) + 𝑘ଶ𝜆௡ାଵ𝑑(𝑇𝑥଴, 𝑇𝑥ଵ) + ⋯ + 𝑘௝𝜆௡ା௝ିଵ𝑑(𝑇𝑥଴, 𝑇𝑥ଵ) 
 ≤ [1 + 𝑘𝜆 + (𝑘𝜆)ଶ + ⋯ + (𝑘𝜆)௝ିଵ]𝑘𝜆௡𝑑(𝑇𝑥଴, 𝑇𝑥ଵ) 

 =
ଵି(௞ఒ)ೕ

ଵି௞ఒ
𝑘𝜆௡𝑑(𝑇𝑥଴, 𝑇𝑥ଵ). 

 Taking limit as 𝑛 → ∞ in above inequality, we get  
 lim

௡→ஶ
𝑑(𝑇𝑥௡, 𝑇𝑥௠) = 0 

. Hence {𝑇𝑥௡} is a 𝑑𝑞𝑏 −Cauchy sequence. Since (𝑋, 𝑑) is 𝑑𝑞𝑏 −complete metric space, 
{𝑇𝑥௡}  𝑑𝑞𝑏 −converges to some 𝑥 ∈ 𝑋. The subsequences {𝑇𝑥ଶ௡} in 𝐴 and {𝑇𝑥ଶ௡ିଵ} in 𝐵 also 
converge to 𝑥 ∈ 𝑋. As 𝐴 and 𝐵 are closed subspaces of 𝑋, 𝑥 ∈ 𝐴 ∩ 𝐵.  
 𝑑(𝑇𝑥, 𝑇𝑓𝑥) ≤ 𝑘[𝑑(𝑇𝑥, 𝑇𝑥௡ାଵ) + 𝑑(𝑇𝑥௡ାଵ, 𝑇𝑓𝑥)] 
 = 𝑘𝑑(𝑇𝑥, 𝑇𝑥௡ାଵ) + 𝑘𝑑(𝑇𝑥௡ାଵ, 𝑇𝑓𝑥) 
 ≤ 𝑘𝑑(𝑇𝑥, 𝑇𝑥௡ାଵ) + 𝑘𝐻(𝑇𝑓𝑥௡, 𝑇𝑓𝑥) 
 = 𝑘𝑑(𝑇𝑥, 𝑇𝑥௡ାଵ) + 𝑘𝐻(𝑇𝑓𝑥, 𝑇𝑓𝑥௡) 
 ≤ 𝑘𝑑(𝑇𝑥, 𝑇𝑥௡ାଵ) + 𝑘𝛼[𝑑(𝑇𝑥, 𝑇𝑓𝑥) + 𝑑(𝑇𝑥௡, 𝑇𝑓𝑥௡)] 
 ≤ 𝑘𝑑(𝑇𝑥, 𝑇𝑥௡ାଵ) + 𝑘𝑑(𝑇𝑥, 𝑇𝑓𝑥) + 𝑘𝑑(𝑇𝑥௡, 𝑇𝑥௡ାଵ) 

 ≤
௞

ଵି௞
[𝑑(𝑇𝑥, 𝑇𝑥௡ାଵ) + 𝑑(𝑇𝑥௡, 𝑇𝑥௡ାଵ)]. 

 Since above inequality is true for all 𝑛 ∈ 𝑁, taking limit as 𝑛 → ∞, we get a contradiction 
unless  
 𝑑(𝑇𝑥, 𝑇𝑓𝑥) = 0. 
As 𝑇𝑓𝑥 is closed, using lemma (1.15), we get 𝑇𝑥 ∈ 𝑇𝑓𝑥 that is 𝑥 ∈ 𝑓𝑥. Hence the theorem is 
proved.  
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