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1. INTRODUCTION

Fuzzy sets were introduced by Zadeh in 1965 [8]. Subsequently, the concept of fuzzy automata
was formulated by Wee in 1967 [5, 6]. Within the study of directable and synchronizable fuzzy
automata, Karthikeyan [1] introduced the notion of I'-reset fuzzy automata, which was further
investigated and extended by Mohanarao and Karthikeyan in 2021 [4]. This framework generalizes
the concept of reset (synchronizing) words from classical automata theory to parameterized I'-
resetting behaviors in fuzzy transition systems.

The algebraic study of machine compositions was extended to fuzzy finite state machines by
Malik et al. [3], who introduced the cascade product and wreath product along with the associated
notions of transformation semigroups and coverings. Further enriching this structural foundation,
Kumbhojkar and Chaudhari [2] systematically introduced the notions of sum, and restricted prod-
ucts for fuzzy finite state machines, establishing fundamental results on their covering relations.
Later, product constructions were expanded to specialized classes such as switchboard state ma-
chines, including the restricted cascade product investigated in intuitionistic and general fuzzy
settings [7].

In this paper, we study the algebraic closure properties of I'-reset fuzzy automata under various
product operations. In particular, we prove that the cascade product, restricted cascade product,
wreath product and sum of I'—reset fuzzy automata are also I'-reset fuzzy automata.

2. PRELIMINARIES
2.1. Fuzzy Automata.

Definition 2.1. [5] A fuzzy automaton is a triplet F' = (Q, X, n) where, @) is a non empty finite
set of states {q1,42,...,qn}, X is the input set of alphabets and n: Q@ x X x Q — [0, 1] is the fuzzy
transition function defined by 1(q1,a,q2) = v where 0 < v <land a € X,q1,¢2 € Q
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The extension of 1 to strings is defined as,

* 1 lfQ1:CI2
N7 (q1, A q2) = .
(@ ) {0 if g1 #qo

where A is the empty string and for w = az where ¢ € X and x € X*
77*(Q17 ax, qQ) = \/ {77((117 a, T) A 77*(7“» €T, q2)}
reqQ
2.2. I'-Reset Fuzzy Automaton.

Definition 2.2. [1, 4] Let F = (Q, X, n) be a fuzzy automaton, for a given threshold I' € (0,1], F

is called a I'-reset fuzzy automaton at state q; € @Q if there exists a string w € X* such that
n*(q2,w,q1) > T forall g2 € Q

The string w is called a I'-reset string (or I'-synchronizing word) for F' with respect to state q;.

Example 2.3. [ I-Reset Fuzzy Automaton] Let F' = (@, X,n) be a fuzzy automaton, where

Q={q1,9,q3}, X ={a,b} and T = 0.7, The fuzzy transition function n: Q@ x X x Q — [0,1] is

represented by the fuzzy transition matrices M, and My, where the entry in the i-th row and j-th
column denotes (My):; = n(q, z, q;)

0.8 0.2 0.1 0.85 0.1 0.1
M,=(07 03 02|, M=[08 02 01
0.1 09 02 0.75 0.1 0.3

Composition Rule (Max-Min Composition). For any string w = uv € X*, the extended transition
function is evaluated using the max-min matrix composition M,, = M, o M,, defined by

3
(My o My)ij = k\_/l (M )i A (Mo)rj] = max min (Mu)ik, (Mo)r;)
Computation for String w = ab. To determine whether w = ab resets all states into the target state
q1, we compute n*(g;, ab,q1) = (Mg o My);1 for each ¢; € Q

n*(q1,ab, ¢1) = max {min(0.8,0.85), min(0.2,0.80), min(0.1,0.75)}
= max{0.8, 0.2, 0.1} = 0.8

1™ (g2, ab, q1) = max {min(0.7,0.85), min(0.3,0.80), min(0.2,0.75)}
= max{0.7, 0.3, 0.2} = 0.7

n* (g3, ab, ¢1) = max {min(0.1,0.85), min(0.9,0.80), min(0.2,0.75)}
= max{0.1, 0.8, 0.2} = 0.8

Verification. Evaluating the condition n*(gq,ab,q;) > T for all ¢ € Q with T' = 0.7
77*(611’ aba CIl) =0.8 Z 077

n*(g2,ab,q1) = 0.7 > 0.7,
n*(gs,ab,q1) = 0.8 > 0.7.
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Since n* (g, ab, q1) > 0.7 for every ¢ € @, the automaton F is a 0.7-reset fuzzy automaton at
state g1, and the string w = ab is a 0.7-reset string.

3. ProbpucTts OF I'-RESET Fuzzy AUTOMATA
3.1. Cascade Product.

Definition 3.1. [3] Let Fy, = (Qk, Xk, k), k = 1,2 be fuzzy automata. The cascade product of
Fy and F; is denoted by FilwFs = (Q1 X Qa, X2, n1wnz) where w : Q2 X Xo — X3 is a mapping and
(mwn2) : (Q1 X Q2) X Xa x (Q1 X Q2) — [0,1] is defined as

(771W772)((Q1, CJ2)7 az, (pl,m)) = 771(Q1,W(Q27 a2),p1) A 772((12, az,pz)
for all (ql,QQ), (p17p2) € Q1 X Q2 and as € Xo.

Lemma 3.2. Let Fy, = (Qr, Xk, Mk), k = 1,2 be fuzzy automata. Let FywFs be the cascade product
of F1 and Fy. Then for all (g1, 92), (p1,p2) € Q1 X Q2, and for all wy € X3

(mwn2)*((q1,q2), w2, (p1,p2)) = N7 (q1,w" (g2, w2), p1) A 05 (q2, w2, P2)

Proof. We prove by induction on length of ws denoted by |ws| = n.
Case-I Suppose that n = 0 then wy = A. Then by Definition (3.1)

. 1 if (q1,92) = (p1,p
(mema)* (a1 @2), M (or,p2) = | T (0092) = (Pr.p2)
0 otherwise

and

1 if (¢1,92) = (p1,Dp2)

0y (g1, w™ (a2, ), p1) An5(q2, A p2) = 07 (q1, A, p1) Ans(ge, A, p2) = )
0 otherwise

The result holds for n = 0.
Case-II Suppose that n = 1. Let wy = as € X5. Then

(mwn2)*((q1,2), az, (p1,p2)) = m(q1,w(g2,a2),p1) A n2(q2, az, p2)

=11 (q1,w(q2, a2), p1) A 15(q2, az, p2)

=1 (q1,w" (g2, a2),p1) A 13(q2, az, p2)
Case-III Suppose the result is true for all strings of length n — 1. Let wo = agvy where ay € Xo,
ve € X3, and |va| =n — 1. Then,

(7’]1&)772)*((611, Q2)> a20V2, (p17p2))

= Vo {non) (a1, 92), a2, (r1,72)) A (mwn2)*((r1,72), 02, (p1,p2)) }
(r1,72)€Q1 X Q2

= \/ {m(q1,wlgz,a2),m1) An2(gz, az,m2) A (ri,w" (r2,v2), p1) Ans(ra, v2,p2)}
r1€Q1,m2€Q2

\ (@ w(a2, a2),m1) Ani(r,w* (r2,v2),p0)} | A\ {1242, a2,72) A3 (ra, 09, p2)}
ri€Q r2€Q2

=07 (q1, w(q2, a2) - w*(r2,v2), p1) A n3(q2, azve, pa)
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Set w(gz, az) - w*(re, v2) = w* (g2, a2v2)

= Tflk(qh W*(qQ; a2”2)7p1) A 77; (CI27 7~U2>p2)
Therefore, the result holds for all ws € X3.

Theorem 3.3. The cascade product of I'-reset fuzzy automata is a I'-reset fuzzy automaton.

Proof. Let Fy, = (Qg, Xk, M), k = 1,2 be T'g-reset fuzzy automata. Then the cascade product of
Fy and F5 is given by FlwFs = (Q1 X Q2, Xo, mwns2). Since F; and F; are I'-reset fuzzy automata,
there exist I'-reset strings wy € X7, wy € X3 and states p1 € Q1, p2 € Q2 such that 77 (g1, w1,p1) >
Iy and n3(go,wa,p2) >Ts for all ¢ € Q1 and g2 € Q2. By Lemma(3.2)

(mwn2)*((q1,q2), w2, (p1,p2)) = N (q1, W™ (g2, w2), p1) A 15 (g2, w2, p2)

Since w*(g2, w2) € X5 and F is T-reset, we have,

i (g1, w* (g2, w2),p1) > T
Also, since F5 is I'-reset
05 (g2, w2, p2) > Ty
Therefore,
(mwn2)*((q1,q2), w2, (p1,p2)) 2 T1 ATy =T
Hence, FiwF5 is a ['-reset fuzzy automaton.

3.2. Restricted Cascade Product.

Definition 3.4. [3] Let Fx = (Qk, Xk, k), k = 1,2 be fuzzy automata. The restricted cascade
product of F; and F5 is denoted by FywFy = (Q1 X Q2, X2, mwn2) where w : Xo — X7 is a map-
ping and (n1wnz) : (Q1 X Q2) X X2 x (Q1 X Q2) — [0,1] is defined as (n1wwn2)((q1,2), az, (p1,p2)) =
m(qi, @(az),p1) A n2(ge; az, pe) for all (g1, g2), (p1,p2) € Q1 X Q2 and az € Xo.
Lemma 3.5. Let Fy, = (Qk, Xk, mk), k = 1,2 be fuzzy automata. Let FywFy be the restricted
cascade product of Fy and Fy. Then for all (q1,q2), (p1,p2) € Q1 X Q2, and for all we € X3
(moon2)*((q1,g2), w2, (p1,p2)) = 17 (q1, ™" (w2), p1) A 13(q2, w2, p2)
Proof. The proof follows by induction on |ws| = n.
Case-I We prove the result is true for n = 1. Let we = ag € X3. Then by Definition (3.4)
(mw@n2)*((q1,q2), az, (p1,p2)) = m(q1, @w(az), p1) A n2(q2, az, p2)
=m(q, @ (az),p1) A n2(qz, az, p2)

= ’rflk(qh W*(a2)7p1) A US(Q% a27p2)
Case-ITI Suppose the result is true for all strings of length n — 1. Let ws = asvy where as € Xo,
vy € X5, and |va] =n — 1. Then,

(mwn2)*((q1,q2), azve, (p1,p2))

= Vo) (@1, 42). a2, (r1,72)) A (mwnz)* ((r1,72), v, (1. p2))}
(r1,m2)€Q1 X Q2

= \/ {m (a1, @(az),m1) An2(g2, az,r2) Ani(ri, @ (va), p1) Ans(ra, vz, p2)}
r1€Q1,1m2€Q2

=i (q1, @w(az) - @ (v2),p1) A 15(qe, azva, p2)
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Set w(az) - w*(v2) = w*(azv2)
=17 (q1, @" (azv2), p1) A 15 (g2, wa, p2)
=11 (q1, @ (w2),p1) A n3(q2, w2, p2)
Thus, the result holds for all ws € X3.

Theorem 3.6. The restricted cascade product of I'-reset fuzzy automata is a I'-reset fuzzy automa-
ton.

Proof. Let Fy, = (Qk, Xk,mk), k = 1,2 be T'p-reset fuzzy automata. Then the restricted cascade
product of Fy and F; is given by FiwFs = (Q1 X Q2, Xa,n1wwn2). Since Fy and Fy are I-reset fuzzy
automata, there exist I'-reset strings w; € X7, wy € X5 and states p1 € Q1, p2 € Q2 such that
N (g1, w1,p1) >T1 and n3(ge, ws,p2) > T's for all g1 € Q1 and ¢ € Q2. By Lemma (3.5)

(nlan)*((QD Q2)7w27 (plapQ)) = UT(Q17W*(1U2)7P1) A n;(q27w2ap2)

Since w*(wy) € X5 and F is I-reset

7 (g1, @* (wa),p1) > T
Also, since F5 is I'-reset
15 (g2, w2, p2) > Ty
Therefore,
(mwn2)*((q1,q2), wa, (p1,p2)) 2 T1 ATy =T

Hence, FiwF5 is a I'-reset fuzzy automaton.

3.3. Wreath Product.

Definition 3.7. [3] Let F, = (Qk, Xi, M), K = 1,2 be fuzzy automata. The wreath product
of Fy and Fy is denoted by Fj o Fy = (Q1 X Q2,Xa2,m1 0 12) where XlQ2 ={f:Qs — X1} and
(n1om2)  (Q1x Q2) X (X1 x X3) x (Q1x Q2) — [0,1] defined by (1110m2)((q1, 2), (f, a2), (p1,p2)) =
m (g1, £(g2),p1) A1 (ga, az, p2) for all (g1, o), (p1,p2) € Q1 X Qa, az € X, and f € X {2,

Lemma 3.8. Let Fy, = (Qk, Xk, nk), k = 1,2 be fuzzy automata, and let Fy o Fy be the wreath
product of Fy and Fy. Then for all (¢1,q2), (p1,p2) € Q1 X Q2, f € XlQ2 and wy € X3,
(m om2)"((q1,q2), (f, u2), (p1,p2)) = ni (a1, f(g2), p1) A n3(g2, us, p2)

Proof. The proof follows by induction on |ws| = n.
Case-I We prove the result is true for n = 1. Let f € X1Q2 and wy = ag € X5. Then by Definition
(3.7)

(m o m2)"((q1, g2), (f, a2), (p1,p2)) = (m o m2)((q1, 92), (f, a2), (p1,p2))
=m(q, f(g2),p1) A n2(q2, a2, p2)
=11 (q1, f(g2), p1) A5 (q2, az, p2)
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Case-1II Suppose the result is true for all strings of length n — 1. Let f € Xf?27 wy = agvy € X,
where ag € X3,v2 € X5 and |va] =n — 1. Then,

(m o n2)"((q1, g2), (f, azva), (p1,p2))

= \/ {m om2)((a1,2), (f,a2), (r1,72)) A (mwn2)*((r1,72), (f, v2), (p1,p2))}
(r1,72)€Q1 X Q2

Vo (@, £(g2),m1) Ana(ga, az,m2) A (e, f(ra), p1) A (ra, vz, pa)}
r1€Q1,r2€Q2

V {mlan f@2),r) Ami(rn, f(ra), o0} | AL\ {na(a2, az,72) Ans (r2, vz, p2)}

r1€Q1 r2€Q2

=11 (q1, f(q2) - f(r2),p1) An3(q2, azva, p2)
Set f(q2) - f(r2) = f(q2)

= 1191, f(92): p1) A 113(q2, V2, 2)
Thus, the result holds for all wy € X3.

Theorem 3.9. The wreath product of I'-reset fuzzy automata is a I'-reset fuzzy automaton.

Proof. Let Fi, = (Qk, Xk, Mk), k = 1,2 be T'y-reset fuzzy automata. Then the wreath product of Fy
and F5 is given by,
FioFy = (Q1 % Qa, X1*> x X, 012)
Since F; and Fy are I'-reset fuzzy automata, there exist I'-reset strings wi € X7, wy € X35 and
states p1 € Q1, p2 € @2 such that,
M (g, wi,p1) > T and  n35(ge, wa, p2) > To

for all g1 € Q1 and g2 € @Q>. Now, choose @ € (XIQ2 X X5)* such that ma(a) = wy and f*(ga, @) = wy.
Such « can be constructed by selecting functions f; € X f? ? appropriately along the path determined
by ws. By Lemma (3.8)
(m om2)*((q1,q2), (f,w2), (p1,p2)) = 0y (a1, f(g2), p1) A n3(q2, wa, p2)
=1 (a1, [(g2), 1) A3 (g2, w2, p2)
>I'1 AT, =T
Therefore, F; o F5 is a I'-reset fuzzy automaton.

3.4. Sum.

Definition 3.10. [2] Let Fy, = (Qk, Xk, Mk), k = 1,2 be fuzzy automata with Q1 N Q2 = &. The
sum of F} and F; is denoted by Fy + Fp = (Q1 U Q2, X1 U Xo, 171 + 12), where the fuzzy transition
relation

(m +mn2) : (Q1UQ2) x (X1 UXy,) x (Q1UQ2) — [0,1]
is defined by
m(g,xz,p) ifq,p€ Q1,and z € Xy,
(m +n2)(q,z,p) = { (¢, z,p) if ¢,p € Q2,and x € X3,
0 otherwise

for all ¢,p € Q1 UQ2 and = € X; U Xos.
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Lemma 3.11. Let Fy, = (Qr, Xk, mk), k = 1,2 be fuzzy automata with Q1NQ2 = &, and let Fy + F
be the sum of F1 and Fy. Then for all ¢,p € Q1 UQ2 and w € (X1 U X5)*,

Tﬁ(Q7w’p) ifqaptevandweXh
(771 + 772)*((],’11),]7) = n;(qawap) Zf q;,p € Q27 and w € X2a
0 otherwise.

Proof. The proof follows by induction on |w| = n.
Case-I Let n =1 and w = a € X. Then by Definition (3.10),

*

771(61’@7]?):771(%@’29) ianpteaandG/EXla
(m +m2)"(¢,a,p) = (m +m2)(q,a,p) = { M2(q,a,p) = n3(q,a,p) if ¢,p € Q2,and a € Xs,
0 otherwise.
Thus, the result holds for n = 1.

Case-IT Assume that the result is true for all strings of length n — 1. Let w = av € X*, where
a € X, v e X* with |v] =n — 1. By the definition of the extended transition function,

(m+m)*(gav,p) =\ {0 +m)(gar) Al +m2)(r,0,p)} -
reQ1UQz

Since @1 N Q2 = I, we consider the following three subcases:
(1) Let gq,p € Q1. If r € Qq, then (1 +m2)(q,a,7) = 0 since ¢ € Q1 and r € Q2. Thus, non-zero
terms can only occur when r € Q1. Using the induction hypothesis for r,p € Q1:

(m +n2)" (g av,p) = \/ {(n1 +n2)(q,a,7) A (1 +n2)" (r, 0, )}
reQ1

= \/ {771(617@77")/\77?(7"7”717)}
reQ1
=n1(q, av,p).

(2) Let q,p € Q2. Similarly, if r € Q1, then (171 +12)(q, a,7) = 0. Hence the supremum restricts
to r € Q2. By the induction hypothesis:

(m +n2)*(qav,p) = \/ {(m +m2)(q,a,7) A (1 +12)*(r,v,p)}
reQ2

= \/ {772((17 a, 7ﬁ) A 77;(7”» Uap)}
reQ2
13(q, av, p).
(3) Let ¢ € @1 and p € Q)2 (or vice versa). For any intermediate state r € Q1 U Q2:
e If r € )1, then by the induction hypothesis (11 + n2)*(r,v,p) = 0 because r € @1 and
p € Qa.
o If 7 € Qo, then (171 + m2)(g,a,7) = 0 because ¢ € Q1 and r € Q.
In either case, (m1 + n2)(g,a,7) A (m1 + n2)*(r,v,p) = 0 for all » € Q1 U Q2. Therefore,
(m +n2)"(g, av,p) = 0.

Thus, by mathematical induction, the result holds for all w € X*.

Theorem 3.12. Let Fy, = (Qk, Xk, k), k = 1,2 be Tp-reset fuzzy automata with Q1 N Qs = &.
Then the sum Fy + Fy is a componentwise I'-reset fuzzy automaton with respect to I' =11 ATs.
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Proof. Let F, = (Qk, X, k), k = 1,2 be T'y-reset fuzzy automata with Q1 N Q2 = &. The sum of
F1 and F5 is given by

Fi+ Fy = (Q1UQ2, X,m +1n2).
Since F; and Fy are I'1-reset and I's-reset fuzzy automata respectively, there exist reset words
wy,wy € X* and states p; € Q1, p2 € Q2 such that
N (qi,wi,p1) > Ty forall ¢ € Qy,
and
05(q2, w2, p2) > To  for all g2 € Qa.
By the Sum Lemma, for any ¢,p € @1 U @2 and w € X*, we have:

T]T(Qaw7p) ifQ7p€Qlaandw€X17
(m +m2)"(q,w,p) = { 13(q,w,p) if ¢,p € Qa,and w € Xo,
0 otherwise.

Consequently, for the reset words w; and ws:
(1) For every ¢ € @1, choosing target state p; € Q1:
(m +m2)"(q,w1,p1) = ni (g, w1,p1) 21 2T ATy =T
(2) For every ¢ € @2, choosing target state py € Qa:
(m +12)" (¢, w2, p2) = n3(q,w2,p2) > T2 2T1 AT =T

Thus, each component Qy in Fy + F5 is reset to px € Qr with degree at least I' =11y AT > 0.
Hence, F} + F3 is a componentwise I'-reset fuzzy automaton.

3.5. Cartesian Composition.

Definition 3.13. [2] Let Fj, = (Qk, Xk, 7k), £ = 1,2 be fuzzy automata with X; N Xo = &. The
Cartesian composition of F; and F; is denoted by F; @ Iy = (Q1 X Q2, X1 U X5, 71 @ 1)2), where
the fuzzy transition relation

(nem2): (Q1 x Q2) x (X1 UX2) x (Q1 x Q2) = [0,1]
is defined by

m(qi,a,p1) ifa € X; and g2 = po,
(m ®n2)((q1,42), a, (p1,p2)) = § M2(g2,a,p2) if a € X5 and ¢ = py,
0 otherwise

for all (ql,QQ), (pl,pg) S Ql X QQ and a € X7 U Xs.

Lemma 3.14. Let Fy, = (Qk, Xk, k), k = 1,2 be fuzzy automata with X1 N Xy = &, and let
Fy o F5 be the Cartesian composition of Fy and Fy. Then for all (g1,¢2), (p1,p2) € Q1 X Q2 and
w e (Xl U XQ)*

n(q,w,p1) if we Xy and g2 = pa,
(m 0 n2)"((q1,g2), w, (p1,p2)) = { M2(qa,a,p2) if w € X3 and q1 = p1,
0 otherwise

Volume IX, Issue XI (November 2024) Page 179



%\ Cosmos Multidisciplinary Research E-Journal Online Available at WWW.cmi.in

Recognized International Peer Reviewed Journal Impact Factor 5.69 ISSN No. 2456-1665

Proof. The proof follows by induction on |w| = n.
We prove Part (1) by induction on |w| =n for w € X;. (Part (2) follows analogously for w € X3).
Case-I: Let n =1 and w = a € X;. Since X; N Xy = &, a ¢ X5. By Definition(3.13)

(m e 12)"((q1,42), a, (p1,p2)) = (m @ m2)((91, 2), @, (1, P2))

_ 771(611’@7]91) if q2 = P2,
0 if g2 # pa.

_ Jni(q,a,p) if g2 = po,
0 if g2 # pa.

Thus, the result holds for n = 1.
Case-II: Assume that the result holds for all words in X7 of length n—1. Let w = av € X{, where
a € X1, v € X§ with [v| =n — 1. By the definition of the extended transition function:

O om) (@) av, prp) =\ {mem)(a a0 (7))
(r1,72)€EQ1 X Q2
A (1 em2)*((11,72), 0, (pl,pz))}-

Since a € X1, (1 e n2)((¢q1,42), a, (r1,72)) # 0 only if 79 = go. Thus, the supremum over 9 € Q2
collapses to 19 = ¢o:

(m o 12)*((q1,42), a0, (p1,p2)) =\ {mi(qr,a,m10) A (1 @ m2)*((r1, 42), v, (p1,p2))} -
r1€Q1

We now consider the following two cases:
(1) Let g2 = po: By the induction hypothesis for v € X7, since 192 = g2 = pa, we have
(1 ®12)*((r1,92), v, (p1,p2)) = 0 (r1,v,p1). Therefore:

(m o m2)* (a1, q2), a0, (p1,2)) = \/ {m(ar,a,m1) Ani(ri,0,p0)}
r1€Q1

= UT(Qla av,pl).

(2) Let g2 # pa: Since ry = g2 # pa, by the induction hypothesis (11 12)*((r1,g2), v, (p1,p2)) =
0 for all r; € 1. Thus:

(n ®m2)"((q1,492), av, (p1,p2)) = 0.

Thus, by mathematical induction, Part (1) holds for all w € X;. By symmetric arguments, Part
(2) holds for all w € X3.

Theorem 3.15. Let Fy, = (Qk, Xk, M), k = 1,2 be T'g-reset fuzzy automata with X1 N Xy = @.
Then the Cartesian composition Fy e Fy is a I'-reset fuzzy automaton with respect to ' =T'1 ATs.

Proof. Let F, = (Q, Xk, k), k = 1,2 be T'k-reset fuzzy automata with X1NX, = &. The Cartesian
composition of F; and F5 is given by

FreFy = (Q1 x Q2, X1 UXo,m1 012).
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Since Fi is a I';-reset fuzzy automaton and Fs is a I's-reset fuzzy automaton, there exist reset
words w1 € X, wy € X3 and states p1 € @1, p2 € Q2 such that

N (q1,wi,p1) > Ty for all ¢ € Q1
and
175 (g2, wa,p2) > T for all g2 € Qo.

Consider the concatenated word w = wiwy € (X3 U X3)*. For any arbitrary initial state
(g1,92) € Q1 x Q2 and target state (p1,p2) € Q1 X Qa:

(m @ 12)"((q1, 2), wiwz, (p1,p2)) = \V {(771 *12)"((q1, q2), w1, (r1,72))
(r1,m2)€Q1xQ2

A (o) (r1,2), wa, (prp2) }-

By Lemma (3.14), since w1 € X7, the term (1:072)*((q1, ¢2), w1, (r1,72)) is non-zero only when ry =
g2, in which case it equals 1} (g1, w1, r1). Similarly, since we € X3, the term (ny0n2)*((r1,72), wa, (p1,
p2)) is non-zero only when r; = p;, in which case it equals 73 (r2, wa, p2).

Choosing the specific intermediate state (r1,72) = (p1,¢2) € Q1 X Q2, we obtain:

(m @ m2)"((q1, q2), wiwa, (p1,p2)) > (M1 @ 12)*((q1, G2), w1, (P1,42)) A (71 @ 72) " ((P1, G2), w2, (p1,p2))

=11 (q1, w1, p1) An3(q2, w2, p2)
>Ty ATy =T.

Since this inequality holds for every (q1,q2) € Q1 x Q2, the composite word w = wiws €
(X1 U X5)* resets the entire state set Q1 X Q2 to the target state (p1,p2) with membership value
at least ' =1'1 ATy > 0.

Hence, F; e F5 is a I'-reset fuzzy automaton.

4. CONCLUSION

In this paper, we studied the properties of I'-reset fuzzy automaton. We proved that the cas-
cade product, restricted cascade product, and wreath product sum and Cartesian composition of
T'-reset fuzzy automata are I'-reset fuzzy automaton. These results extend the existing results on
direct product and restricted direct product to more general product constructions in fuzzy au-
tomata theory. Future work may include investigating other product constructions and exploring
the minimality and reducibility of such products.
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