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Abstract

The study of products and algebraic structures of fuzzy automata plays a fundamental role
in understanding system decomposition and state transitions under uncertainty. In this pa-
per, we investigate the algebraic and structural properties of the restricted cascade product of
bipolar fuzzy finite state machines (BFFSMs). Specifically, we establish the associativity of
the restricted cascade product and demonstrate its distributivity over sums, direct sums, and
Cartesian products with respect to strong homomorphisms. Furthermore, we examine structural
relationships connecting the restricted cascade product with other standard machine products,
including the full direct product, restricted direct product, cascade product, and wreath prod-
uct under strong homomorphisms. These results provide deeper algebraic characterizations and
structural insights into bipolar fuzzy automata theory.
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Introduction

Fuzzy set theory, pioneered by Zadeh [11], has provided a robust framework for handling vague-
ness and uncertainty across various branches of mathematics and theoretical computer science.
In the domain of automata theory, fuzzy finite state machines have been extensively investigated
to model systems with uncertain state transitions. Following the fundamental groundwork, Kim
et al. [3], Kumbhojkar et al. [1], and Malik et al. [4, 5, 6, 7] introduced various algebraic
products of fuzzy finite state machines such as Direct, Cascade, Cartesian, and Wreath prod-
ucts along with their homomorphisms, strong homomorphisms, and covering properties. Later,
Jun and Kavikumar [9] expanded these concepts to bipolar fuzzy finite state machines, while
Kavikumar et al. [2] investigated restricted cascade and wreath products in the context of
fuzzy finite switchboard state machines. The decomposition and structural analysis of complex
automata frequently rely on product operations and their algebraic interactions. While gen-
eral Cascade products are well-documented, the Restricted Cascade product offers a focused
mechanism for machine composition governed by surjective input mappings. In this paper, we
establish key algebraic properties of the Restricted Cascade product. Specifically, we prove:
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(1) Equivalence relationships connecting the restricted cascade product with the full direct,
restricted direct, cascade, and wreath products.

(2) The associativity of the restricted cascade product under strong homomorphism.

(3) Distributive properties of the restricted cascade product over the sum and Cartesian
product.

1. PRELIMINARIES

Definition 1.1. [9] A bipolar fuzzy finite state machine (BFFSM) is a triplet M = (Q, X, ¢),
where ) and X are finite non-empty sets, called the set of states and the set of input symbols,
respectively, and ¢ = (¢, ™) is a bipolar fuzzy set in Q x X x Q.

As usual X* denotes the set of all words of elements of X of finite length. Let A denote the
empty word in X* and |z| denote the length of z € X*.

Definition 1.2. [9] Let M = (Q, X, ¢) be a BFFSM. Define a bipolar fuzzy set v, = (¢, @)
in Q@ x X*xQ by
- -1 ifg=p 1 ifg=p
,)\, - : a)‘a =
¢, (¢, A\ p) { 0 ifastp @l (¢ A p) { 0 ifatp
¢. (¢, 2a,p) = inf{o (g, 2,7) V¢~ (r,a,p)}
and
¢i(q,za,p) = Slelg{wi(q, z,7) A~ (r,a,p)}

Vg,p € @Q and Vx € X*,a € X.
Lemma 1.3. [9] Let M = (Q, X, ) be a BFFSM. Then the Negative Component

v. (¢ 2y, p) = b {o. (¢, 2,7) V @, (r,y,p)}
and the positive Component
ol zy,p) = Sug{sz?i(q, z,7) Nl (ry,p)}
re
VYq,p € Q and Vx,y € X*.

Definition 1.4. [9] A BFFSM M = (Q, X, ¢) is called complete if Vp € Q, x € X there exists
q € @ such that ¢(p,z,q) > 0.

Definition 1.5. Let M; = (Q1, X1, 1) and My = (Q2, X5, p2) be two BFFSMs. Then the
BFFSM, M; x My = (Q1 X Q2, X1 X X5, 1 X @) is called the Full direct product of M; and
M, where ¢ X @y : (Q1 X Q2) X (X7 X X3) X (Q1 X Q2) — [0,1]and is defined as follows:
The Negative Component

(1 X ©2) " ((q1,92), (a1, az), (p1,p2)) = 1 (q1,a1,P1) V 05 (G2, a2, p2)
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and the positive Component

(901 X 802)+((Q1,Q2)a (alv a’2)7 (p17p2)) = ()OT(QD alapl) A SO;(Q% a27p2)
for all (q1,2), (p1,p2) € Q1 X Q2, (a1,a2) € X7 x Xo.

Definition 1.6. Let M; = (Q1, X, 1) and M, = (Q2, X, p2) be two BFFSMs. Then the
BFFSM, My A My = (Q1 X Q2, X, 1 A o) is called the Restricted direct product of M,
and My, where 1 A @y 1 (Q1 X Q2) X X X (Q1 X Q2) — [0, 1] and is defined as follows:

The Negative Component

(01 A 2)” ((q15G2), @, (P1,02)) = 1 (q1,0,p1) V 05 (42, a, p2)
and the positive Component

(@1 A 802)+((Q17 q2)a a, (p17p2)) = @T(qlv aapl) A @;(q% aapQ)
for all (¢1,2), (P1,p2) € Q1 X Q2,0 € X.

Definition 1.7. Let M; = (Q1,X1,¢1) and My = (Q2, Xs,¢2) be two BFFSMs. Let w :
Q2 X X5 — X, be a mapping. Then the BFFSM, M wM,; = (Q; X Q2, X2, p1wes) is called
the Cascade product of M; and M, where v wps : (Q1 X Q2) X X5 X (Q1 X Q2) — [0,1]
and is defined as follows:
The Negative Component

(prwe2)” (41, G2), az, (p1,p2)) = o1 (@1, w(q2, a2), 1) V 3 (g2, az, p2)
and the positive Component

(1we2) " (a1, G2), az, (P1,p2)) = @1 (1, w(d2, a2), p1) A 93 (g2, a2, p2)
for all (g1,42), (p1,p2) € Q1 X Q2,02 € X.

Definition 1.8. Let M; = (Q1, X1, 1) and My = (Q,, X5, ¢5) be two BFFSMs. Let X% =
{f:Q; — X1}. Then the BFFSM, M, o My = (Q1 x Q2, (X x X5), ¢, 0 @5) is called the
Wreath product of M; and M, where p10¢5 1 (Q1 X Q2) X (XIQ2 X Xo) x (Q1 X Q2) — [0,1]
and is defined as follows:
The Negative Component

(1 092)" ((q1,q2), (f, a2), (p1,p2)) = @1 (@1, f(q2), P1) V @3 (G2, as, p2)
and the positive Component

(801 o 902)+((Q17 Q2)7 (fu a2), (Phpz)) = @f(@ha f((12),l?1) A 902+(‘]2a a27p2)
for all (q1,¢2), (P1,p2) € Q1 X Q2,02 € X.

Definition 1.9. Let M; = (@1, X1, 1) and My = (Q2, X5, p2) be two BFFSMs. Then the
BFFSM, M; + My = (Q1 U Q2, X7 U Xy, 01 @ o) is called the sum of M; and M,, where
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01+ @2 (Q1UQ2) x (X1 UXs) X (Q1UQ2) — [0,1] and is defined as follows:
The Negative Component

SOI_(Q7a7p) If Q7p7€Q1 and CLEXl
(o1 +¢2) (g:a,p) = { @2 (¢,0,p) ifgp,€Qrandac X,
1 otherwise

and the positive Component

T(qﬂavp) ifQ7p7€Q1 and aEXl
;(Qaavp) ifQ7p7€ QZ and aEXQ
otherwise

®
(e1+92)"(g.a,p) =<

[

Definition 1.10. Let M; = (Q1, X1, 1) and My = (Q2, X2, p2) be two complete BFFSMs.
Then the BFFSM, MywM; = (Q1 X Q2, Xo, p1tops) is called the Restricted cascade product
of M, and M, with respect to surjective mapping @ : X — X, where 1w, : (Q1 X Q2) X
Xy X (Q1 X Q2) — [0,1] and is defined as follows:

The Negative Component

(prwpa)” (01, 42), a2, (p1,p2)) = @1 (q1,@(a2), 1) V @5 (2, a2, p2)
and the positive Component

(Prwp2) " (a1, G2), @z, (P15 p2)) = @1 (@1, @(az), p1) A @5 (4o, az, p2)
for all (q1,q2), (P1,p2) € Q1 X Q2,a5 € Xs.

Definition 1.11. Let M; = (Q1, X1, 1) and My = (Q2, X3, p2) be two BFFSMs. Then the
BFFSM, M, e My, = (Q; X Q2, X1 U X5, p; @ ¢,) is called the Cartesian product of M; and
M, where p1 0 s 1 (Q1 X Q2) x X1 U X,y X (Q1 X Q2) — [0,1] and is defined as follows:
The Negative Component

@;(QDO’vpl)b) ifaEXla and g2 = P2
(01 092) ((q1,92), 0, (P1,p2)) = § ¢35 (g2, a,p2,b) ifae€ Xy, and 1 = py
otherwise

and the positive Component

o (q1,a,p1,b) ifa€ Xy, and g = py
(pr 0 902)+<(Q17QQ)7G7 (p1,p2)) = 90;((]2&7172,5) if a € X;,and ¢1 = py

[an}

otherwise

fOF a” (Q17Q2)a (pl’pQ) € Ql X QQ-
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2. PROPERTIES OF RESTRICTED CASCADE PRODUCT WITH ISOMORPHISM

In this section first we define homomorphism and strong homomorphism and prove some rela-
tions between restricted cascade product and other products with respect to strong homomor-
phism.
Definition 2.1. [5] M; = (Q;, X;, ;) bea BFFSMs, i = 1,2. Let a: Q; — Q2 and 8 : X; —
X, be two mappings. Then the pair («, 3) is called a fuzzy finite state homomorphism,
symbolically (a,8) : My — M, , if ¢{(q,2,p) < @3 (alq),B(x),a(p)) and ¢y (¢,2,p) >
¢ (a(q), B(z), a(p))

The homomorphism («, 3) : M; — M, is called mono-morphism (epimorphism, isomor-
phism), if both the mappings « and /8 are injective (surjective, bijective respectively). The
homomorphism is called strong homomorphism from M; to M, if Vg,p € @,z € X,

¢1 (¢, 2,p) < ¢, (alq), B(z), a(p))
and

o3 (alq), B(z), a(p)) < ¢ (a,,p)
We shall write this strong homomorphism by M; = M,.

Theorem 2.2. Let My = (Q1, X1, p1) and My = (Q2, Xo, v2) be two BFFSMs. Then following
hold:

(1) M1 X M2 = leMQ

(2) M1 A M2 = leMQ

(3) M1WM2 = MﬂﬂMg

(4) Ml o M2 = M1WM2

Proof. Let Ml = (Q17X1,Q01) and MQ = (QQ,XQ,QOQ) be two BFFSMs.

(]_) Reca” that (Ml X MQ) = (Ql X Q27X1 X XQ,SDl X QDQ) and (Ml’WMQ) = (Ql X
Q2, Xa, prwps). Take a @ Q1 X Q2 — Q1 X Q2 as natural function and define 5 as
identity function on X5. Set w(x2) = ;. Then we have, for Negative Component

(01 X ©2)" ((q1,G2)s (21, 22), (P1,p2)) = 1 (q1,21,P1) V ©3 (@2, T2, D2)
= @1 (g1, @(22),p1) V @3 (Ga; T2, P2)
= (prws2)” ((¢1,92), T2, (P1,p2))
= (prp2)” (a((q1,q2)), B(x2), a((p1,p2)))

Similarly, for Positive Component
(1 X 02)" (a1, q2), (71, %2), (P1,p2)) = 7 (g1, 1, 1) A @5 (g2, T2, P2)
o1 (g1, @(x2), p1) A @5 (g2, T2, Do)
801W802>+((Q17(J2)7$27 (p17p2))
@1w902)+(04(((ha%))aﬁ(flfz),a((pl;pz)))

=
= (
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(2) Recall that (leMQ) = (Ql X QQ, X, (,Dlngg) and (M1 /\MQ) = (Ql X QQ, _X, ©1 X (pg)
Take a: Q1 X Q2 — @1 X Q5 as natural function and define 5 as identity function on
X. Set w(x) = x. Then we have, for Negative Component
(prwp2)” (01, q2), 2, (pl,pz)) ¢1 (g1, @(2),p1) V 5 (g2, 7, p2)
(qla z pl) vV QOE((JQ’ 357]72)
(Qpl A @1) ((qla q2))a €, (p17p2))
= (1 A1) (a((q1,92)), B(x), a(p1,p2)))

Similarly, for Positive Component

(901w902)+((QIaQZ)axv(plap2)) ¢1 (@1, @(2),p1) A @3 (g2, 7, p2)
@1 (q1,2,p1) A @3 (42,7, p2)
(‘Pl/\‘Pl) ((@1,2)), 2, (1, p2))
= (o1 A1) (al(qr, 42)), B(), al(p1, p2)))

(3) Recall that (MIWMQ) = (Q1XQ2, Xg, (pﬂx)gOQ) and (M1WM2) = (Ql XQQ, )(27 QO{W(,OQ).
Define o : Q1 X Q2 — Q1 X @) as natural function and define 8 as identity function
on X,. Set w(gs,x2) = w(x2) Then we have,for Negative Component

(prwp2) ™ ((q1,92)); T2, (p1,p2)) = ¢1 (01, w (g2, T2), P1) V ©3 (G2, T2, P2)
= @1 (g1, @(22),p1) V @5 (g2, T2, p2)
= (pr@wp2)” ((q1, 92); T2, (P1,P2))
= (prwps)” (a((q1,42)), B(w2), a((p1,p2)))

Similarly, for Positive Component

(prww2)"((q1502)); 25 (P1,P2)) = @1 (@1, W(qa; T2), p1) A #3 (g2, T2, P2)
= o1 (q1, @ (x2),p1) A 3 (G2, T2, Do)
= (¢1W@2)+((Q17Q2)7$27 (p17p2))
= (@1w¢2)+(a((Q17%))aﬁ(%),a((pl,m)))

(4) Recall that (M{WMQ) = (Ql X Qg,Xg,SOlwgﬁg) and M]_ o) M2 = (Ql X QQ, (Xle X
X3),p1 0 ¢2). Define a : Q1 X Q2 — Q1 X Qo as natural function and define (5 :
X, — (X2 x X,) by B(22) = (f, ). Set f(gz) = w(x2) Then we have, for Negative
Component

(Lrm@2)” ((q1,42)s T2, (P1,2)) = @1 (a1, @(22), 1) V @5 (G2, T2, P2)
01 (q1, f(q2),p1) V @35 (g2, 22, p2)

= (p10opa) (

= (p10pa) (

(Qh Q2))a (fv x2)a (p17p2))
a((q1,42)), B(z2), a((p1,p2)))
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Similarly, for Positive Component

(1) " ((q1,02), @2, (P1,12)) = @) (@1, @(22), 1) V 93 (g2, T2, P2)
= o1 (a1, f(q2): 1) V 3 (g2, 22, p2)
= (01 092)"((q1,42)), (f, 22), (1, p2))
= (p1092) " (al(q1, 2)), B(w2), a(p1, p2)))

Theorem 2.3. Let Mi = (Qi,thOl) be BFFSMS, 1= 1,2,3. Then M1 X (M2w1M3) =
M2w2(M1 X Mg)

Proof. Let My, My, M3 be BFFSMs. Recall that M; x (Myw'M;) = (Q1 x (Q2 X Q3), (X, x
X3), 01 X (2w’ p3)) and Maw?®(My x Ms) = (Q2 % (Q1 % Q3), (X1 X X3), (02> (1 X ©3)).
Define a : Q1 X (Q2 X Q3) — (Q1 X Q2) X Q3 by a((q:1(q2,43))) = (g2, (q1,43)) and take

B as identity function on X; x X3. Set wy(xy,x3) = wi(x3). Then we have,, for Negative
Component

(1 X (pew'1s)) ™ ((q1, (g2, G3)), (21, 23), (P1, (P2, P3))) =

@1 (qr, 21, p1) V (P2’ @3)” (g2, 43), 3, (P2, D3))
01 (q1,21,1) V 93 (02, @' (3),p3) V ¢35 (g3, T3, P3)
@5 (q2, @ (3),13) V 91 (a1, %1, 01) V ¢35 (g3, T3, P3)
@5 ( (
@5 (

42, @' (3),p3) V (#1 X 3)~ ((q1,43), (21, %3), (p1,13))
G2, " (21, %3),p3) V (01 X 03) " ((q1, 43), (1, 23), (P1,Ps))
= (2w (1 X ©3))” (2, (91, 43)), (1, 23), (P2, (P1,P3)))
= (2w (1 X ©3))~ (a((q1, (g2, 43))), B(x1, 23), (1, (2, P3))))
Similarly, for Positive Component (11 X (2wt 13))* ((q1, (42, g3)), (21, 23), (p1, (P2, p3))) =
= o1 (a1, 21, p1) A (02" 03) " (42, 03), T3, (P2, 3))
= o1 (a1,21,p1) V 93 (q2, " (3), P3) A 93 (a3, T3, 3)
= ¢35 (g2, @' (23),p3) Ao (a1, 21, p1) A 935 (a3, 3, 3)
G2, @' (23),p3) A (#1 X 3) " (a1, 43), (21, 23), (p1,ps))
G2, @ (21, 73), p3) A (91 % 903) (a1, 43), (21, 23), (P1,13))
= (2@’ (01 X 3
(Sf’zw (p1 X 3

902(
= 3 (
(g2, (q1,43)), (21, %3), (P2, (P1, p3)))
(al(a15 (a2, 43))), Bz, 23), ((p1, (P2, 3))))

~— ~—

)
)

Theorem 2.4. Let M; = (Q;, X;, p;) be BFFSMs, i = 1,2,3. Then
(1) le (M2 + Mg) (M1w2M2) + (M1W3M3)
(2) le (M2 ® M3) (le MQ) (M1w3M3)
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Proof. Let My, M,, M3 be BFFSMs.
(1) Recall that lel(MQ + M3) = (Ql X (QQ U Qg), (X2 U Xg),cplwl(g02 + @3)) and
(Myww® My) + (M’ M) = ((Q1 X Q2) U(Q1 X Qs), (X2UX3), (p15°9s) + (015 93)).
Define av: (Q1 x (Q2UQ3) = (Q1 x Q2) U (Q1 x Q3) by a((q1,¢)) = (q1,q) and take
B as identity function on X, U X3. Given @w! : X, U X5 — X, w? : X, — X, and
that of @w® : X3 — X, are defined as @w?(z) = w'(z) and @*(z) = w!(z). Then we
have, for Negative Component (1! (s + ¢3)) " ((q1,9), (1, ), (p1,p)) =

= o1 (qi, @ (x),p1) V (2 + 3) (¢, 7, D)
1
1

)

@;(Qhw (x)7p1)v¢5(Q7xap) if q,p, € QQ and CCGXQ

= wI(QIaw ("E)’pl)v(pg(qvl‘ap) if QapaeQS and :EEXB
0 otherwise

o1 (1, @*(x),p1) Vo3 (g, z,p) ifq,p,€ Qe and z € X,

= ‘Pl_((hng(m)apl)\/803?((1733717) If q7p7€ Q?) and $€X3
otherwise

-~ O

901732802)7(((11#])7 (1’1,1'), (plap)) If q7p7 S QQ and HARS X2

Qolwssoi’))_(((.haq)u (I‘l,l’), (php)) if q,D, € QB and € X3
otherwise

I
o

= (p1@’p2) + (1@ es)” ((q1,9), =, (p1, D))
= (1 2) + (er1@°3) " (a((q1,q)), B(x), a((p1, p)))

Similarly, for Positive Component (1! (s + ©3)) " ((q1,9), (21, ), (p1,p)) =

= o (@1, @' (2),p1) A (92 + ¢3) (¢, 2, p)

@T(QI)wl(‘r)mpl)/\@;(Cbmap) if Q)p7e Q2 and E)(2
gpir(qbwl(x)’pl)A@;(va,p) if q,p, € Q3 and x EXB
0 otherwise

{wf(ql,w2(:ﬂ),p1) A3 (g, z,p) ifqp € Qs and z € X,

()OT(QMWB(x)apl)/\()D;_(qvm7p) If Q7p7€ Q3 and x GXS

0 otherwise

(‘le <P2)+((Q17 q)7 (xhx)u (pl')p)) If qap7 S QQ and T € X2
(gplw3@3)+((q17 q)7 (1’1, :Z:)a (php)) If q,D, € Q?) and € X3
0 otherwise

pra’ps) + (L1’ vs) (a1, ), 2, (p1,p))

1w’ ps) + (017 ps) (a((q1, 9)), B(2), a((p1, p)))
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(2) Recall that M ' (M, @ M) = (Q1 x (Q2 x Q3),Xo U X3, 010 (2 ® ¢3)) and
(M@ M) e(Miw® M;) = ((Q1xQ2) X (Q1XQ3), X2UXs, (0102 p2)e(p1w3p3)). De-
fine a1 Q1 X (Q2 X Q3) — (Q1 X Q2) X (Q1 X Qs3) by a(qu, (92,43)) = ((41,22), (q1,G3)),
and let 3 be the identity mapping on X, U X3. Given w! : X, U X5 — X, @w?: X, —
X1, and @w® : X3 — X defined by w?(z) = @w'(x) for z € X, and w?(z) = @' (x) for
x € X3. Then for the Negative Component
(1" (02 @ 03)) " (01, (g2, 3))s @, (p1, (P2, 13))) =

= ¢ (q1, wl(aj),pl V (2 @ 03) " ((g2,g3), 7, (P2, P3))

)

o1 (g1, @ (), p1) V5 (g2, 7, p2) if 2 € Xy and g5 = ps

= %1 (g1, @ (%), p1) Vo3 (g3, 2,p3) if 2 € X3 and g2 = py
0 otherwise

o1 (g1, @*(x),p1) V @3 (g2, @, p2) if z € Xy and g3 = p3
= 901_<Q17W3(<T)7p1) V3 (g3, 2,p3) if o€ X5and go =po
0 otherwise

(‘le2§02)7((Q17Q2)7ﬂU7 (p1,p2)) ifx € X, and (¢1,q3) = (p1,p3)

=9 (p1@*p3) " ((q1,q3), @, (p1,p3)) if w € X3 and (q1,¢2) = (p1,p2)
0 otherwise

= ((‘le2802) i (901733903))7(((%@2)» (q1,93)), 2, ((p1,D2), (P1,D3)))
= ((901732902) o (@1733@3))_(01(%, (q2,93)), B(x), a(p1, (P2, P3)))-
Similarly, for the Positive Component
(1" (02 @ 03)) T (01, (42, G3)), @, (1, (P2, p3))) =
= (PT(QD wl(.%'),pl) A (902 i ‘703)+(<Q27 Q3),1', (pz,ps))

of (g1, @' (x),p1) A @3 (g2, 2,p2) if 2 € X5 and g3 = ps
=S of (g1, @' (z),p1) A s (g3, p3) if 2 € X3 and g2 = po
0 otherwise

o1 (g1, @ (), p1) A3 (g2, ,p2) if x € X5 and g3 = p3
= q i (g1, @* (@), p1) A3 (g3, 2,p3) if o€ X3 and g3 = ps
0 otherwise
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(pr@%@2) T ((q1, @2), 2, (p1,p2))  if 2 € X5 and (g1, q3) = (p1,p3)

= (¢1W3¢3)+((Q17(]3)a% (p1,p3)) ifx € X5 and (¢1,¢) = (p1,p2)
0 otherwise

= ((pr3%p2) o (21°23)) (a1, ), (41, 45)), 2, (1, 12), (P2, P3)))

= ((p1%p2) ® (L1°03)) " (algn, (2, 3)), B(x), a(p1, (P2, ps)))-
Hence, M ' (M, @ M3) = (M,w? M) o (M3 Ms).

3. CONCLUSION

In this paper, we investigated the algebraic characteristics and structural behavior of the
restricted cascade product of bipolar fuzzy finite state machines (BFFSMs). We proved that
the restricted cascade product is associative and distributes over fundamental machine opera-
tions ncluding the sum and Cartesian product up to strong homomorphisms. In addition, we
established structural equivalences connecting the restricted cascade product to the full direct,
restricted direct, general cascade, and wreath products under strong homomorphism relations.
These algebraic characterizations provide useful tools for the decomposition, structural anal-
ysis, and state complexity reduction of bipolar fuzzy systems. Future work may extend these
investigations to covering relations, minimal realizations, and generalized structures such as
intuitionistic fuzzy finite state switchboard machines, interval-valued bipolar fuzzy automata,
and picture fuzzy state machines.
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